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Abstrat
We present a new parton model approah for hadron-hadron interations and, in partiular, for
the initial stage of nulear ollisions at very high energies (RHIC, LHC and beyond). The most
important aspet of our approah is a self-onsistent treatment, using the same formalism for
alulating ross setions and partile prodution, based on an eetive, QCD-inspired eld theory,
where many of the inonsistenies of presently used models will be avoided.
In addition, we provide a unied treatment of soft and hard sattering, suh that there is
no fundamental uto parameter any more dening an artiial border between soft and hard
sattering.
Our approah ures some of the main deienies of two of the standard proedures urrently
used: the Gribov-Regge theory and the eikonalized parton model. There, ross setion alulations
and partile prodution annot be treated in a onsistent way using a ommon formalism. In
partiular, energy onservation is taken are of in ase of partile prodution, but not onerning
ross setion alulations. In addition, hard ontributions depend ruially on some uto, being
divergent for the uto being zero. Finally, in ase of several elementary satterings, they are not
treated on the same level: the rst ollision is always treated dierently than the subsequent ones.
All these problems are solved in our new approah.
For testing purposes, we make very detailed studies of eletron-positron annihilation and lepton-
nuleon sattering before applying our approah to proton-proton and nuleus-nuleus ollisions.
In order to keep a lean piture, we do not onsider seondary interations. We provide a very
transparent extrapolation of the physis of more elementary interations towards nuleus-nuleus
sattering, without onsidering any nulear eets due to nal state interations. In this sense
we onsider our model a realisti and onsistent approah to desribe the initial stage of nulear
ollisions.
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Chapter 1
Introdution
The purpose of this paper is to provide the theoretial framework to treat hadron-hadron sattering
and the initial stage of nuleus-nuleus ollisions at ultra-relativisti energies, in partiular
with view to RHIC and LHC. The knowledge of these initial ollisions is ruial for any theoretial
treatment of a possible parton-hadron phase transition, the detetion of whih being the ultimate
aim of all the eorts of olliding heavy ions at very high energies.
It is quite lear that oherene is ruial for the very early stage of nulear ollisions, so a
real quantum mehanial treatment is neessary and any attempt to use a transport theoret-
ial parton approah with inoherent quasi-lassial partons should not be onsidered at this
point. Also semi-lassial hadroni asades annot be strethed to aount for the very rst
interations, even when this is onsidered to amount to a string exitation, sine it is well known
[1℄ that suh longitudinal exitation is simply kinematially impossible (see appendix A.2). There
is also the very unpleasant feature of having to treat formation times of leading and non-leading
partiles very dierent. Otherwise, due to a large gamma fator, it would be impossible for a
leading partile to undergo multiple ollisions.
So what are the urrently used fully quantum mehanial approahes? There are presently
onsiderable eorts to desribe nulear ollisions via solving lassial Yang-Mills equations,
whih allows to alulate inlusive parton distributions [2℄. This approah is to some extent
orthogonal to ours: here, sreening is due to perturbative proesses, whereas we laim to have
good reasons to onsider soft proesses to be at the origin of sreening orretions.
Provided fatorization works for nulear ollisions, on may employ the parton model, whih
allows to alulate inlusive ross setions as a onvolution of an elementary ross setion with
parton distribution funtions, with these distribution funtion taken from deep inelasti sattering.
In order to get exlusive parton level ross setions, some additional assumptions are needed, as
disussed later.
Another approah is the so-alled Gribov-Regge theory [3℄. This is an eetive eld theory,
whih allows multiple interations to happen in parallel, with the phenomenologial objet alled
Pomeron representing an elementary interation. Using the general rules of eld theory, on may
express ross setions in terms of a ouple of parameters haraterizing the Pomeron. Interferene
terms are ruial, they assure the unitarity of the theory. A disadvantage is the fat that ross
setions and partile prodution are not alulated onsistently: the fat that energy needs to
be shared between many Pomerons in ase of multiple sattering is well taken into aount when
alulating partile prodution (in partiular in Monte Carlo appliations), but energy onservation
is not taken are of for ross setion alulations. This is a serious problem and makes the whole
approah inonsistent. Also a problem is the question of how to inlude in a onsistent way hard
proesses, whih are usually treated in the parton model approah. Another unpleasant feature
is the fat that dierent elementary interations in ase of multiple sattering are usually not
treated equally, so the rst interation is usually onsidered to be quite dierent ompared to the
7
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subsequent ones.
Here, we present a new approah whih we all Parton-based Gribov-Regge Theory,
where we solve some of the above-mentioned problems: we have a onsistent treatment for al-
ulating ross setions and partile prodution onsidering energy onservation in both ases; we
introdue hard proesses in a natural way, and, ompared to the parton model, we an deal with
exlusive ross setions without arbitrary assumptions. A single set of parameters is suient to t
many basi spetra in proton-proton and lepton-nuleon sattering, as well as for eletron-positron
annihilation (with the exeption of one parameter whih needs to be hanged in order to optimize
eletron-positron transverse momentum spetra).
The basi guideline of our approah is theoretial onsisteny. We annot derive everything
from rst priniples, but we use rigorously the language of eld theory to make sure not to violate
basi laws of physis, whih is easily done in more phenomenologial treatments (see disussion
above).
There are still problems and open questions: there is learly a problem with unitarity at very
high energies, whih should be ured by onsidering sreening orretions due to so-alled triple-
Pomeron interations, whih we do not treat rigorously at present but whih is our next projet.
1.1 Present Status
Before presenting new theoretial ideas, we want to disuss a little bit more in detail the present
status and, in partiular, the open problems in the parton model approah and in Gribov-Regge
theory.
Gribov-Regge Theory
Gribov-Regge theory is by onstrution a multiple sattering theory. The elementary interations
are realized by omplex objets alled Pomerons, who's preise nature is not known, and whih
are therefore simply parameterized: the elasti amplitude T orresponding to a single Pomeron
exhange is given as
T (s, t) ∼ i sα0+α′t (1.1)
with a ouple of parameters to be determined by experiment. Even in hadron-hadron sattering,
several of these Pomerons are exhanged in parallel, see g. 1.1. Using general rules of eld theory
Figure 1.1: Hadron-hadron sattering in GRT. The thik lines between the hadrons (inoming lines) represent a
Pomeron eah. The dierent Pomeron exhanges our in parallel.
(utting rules), one obtains an expression for the inelasti ross setion,
σh1h2inel =
∫
d2b {1− exp (−G(s, b))} , (1.2)
where the so-alled eikonal G(s, b) (proportional to the Fourier transform of T (s, t)) represents one
elementary interation (a thik line in g. 1.1). One an generalize to nuleus-nuleus ollisions,
where orresponding formulas for ross setions may be derived.
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In order to alulate exlusive partile prodution, one needs to know how to share the energy
between the individual elementary interations in ase of multiple sattering. We do not want to
disuss the dierent reipes used to do the energy sharing (in partiular in Monte Carlo applia-
tions). The point is, whatever proedure is used, this is not taken into aount in alulation of
ross setions disussed above. So, atually, one is using two dierent models for ross setion al-
ulations and for treating partile prodution. Taking energy onservation into aount in exatly
the same way will modify the ross setion results onsiderably, as we are going to demonstrate
later.
This problem has rst been disussed in [4℄, [5℄. The authors laim that following from the non-
planar struture of the orresponding diagrams, onserving energy and momentum in a onsistent
way is ruial, and therefore the inident energy has to be shared between the dierent elementary
interations, both real and virtual ones.
Another very unpleasant and unsatisfatory feature of most reipes for partile prodution is
the fat, that the seond Pomeron and the subsequent ones are treated dierently than the rst
one, although in the above-mentioned formula for the ross setion all Pomerons are onsidered to
be idential.
The Parton Model
The standard parton model approah to hadron-hadron or also nuleus-nuleus sattering amounts
to presenting the partons of projetile and target by momentum distribution funtions, fh1 and
fh2 , and alulating inlusive ross setions for the prodution of parton jets with the squared
transverse momentum p2⊥ larger than some uto Q
2
0 as
σh1h2incl =
∑
ij
∫
dp2⊥
∫
dx+
∫
dx−f ih1(x
+, p2⊥)f
j
h2
(x−, p2⊥)
dσˆij
dp2⊥
(x+x−s)θ
(
p2⊥ −Q20
)
, (1.3)
where dσˆij/dp
2
⊥ is the elementary parton-parton ross setion and i, j represent parton avors.
This simple fatorization formula is the result of anelations of ompliated diagrams (AGK
anelations) and hides therefore the ompliated multiple sattering struture of the reation. The
most obvious manifestation of suh a struture is the fat that at high energies (
√
s ≫ 10 GeV)
the inlusive ross setion in proton-(anti)proton sattering exeeds the total one, so the average
number N¯ppint of elementary interations must be bigger than one:
N¯h1h2int = σ
h1h2
incl /σ
h1h2
tot > 1 (1.4)
The usual solution is the so-alled eikonalization, whih amounts to re-introduing multiple sat-
tering, based on the above formula for the inlusive ross setion:
σh1h2inel (s) =
∫
d2b
{
1− exp
(
−A(b)σh1h2incl (s)
)}
=
∑
σh1h2m (s), (1.5)
with
σh1h2m (s) =
∫
d2b
(
A(b)σh1h2incl (s)
)m
m!
exp
(
−A(b)σh1h2incl (s)
)
(1.6)
representing the ross setion form satterings; A(b) being the proton-proton overlap funtion (the
onvolution of the two proton proles). In this way the multiple sattering is reovered. The
disadvantage is that this method does not provide any lue how to proeed for nuleus-nuleus (AB)
ollisions. One usually assumes the proton-proton ross setion for eah individual nuleon-nuleon
pair of a AB system. We are going to demonstrate that this assumption is inorret.
Another problem, in fat the same one as disussed earlier for the GRT, arises in ase of exlusive
alulations (event generation), sine the above formulas do not provide any information on how
10 1 Introdution
to share the energy between the many elementary interations. The Pythia-method [6℄ amounts to
generating the rst elementary interation aording to the inlusive dierential ross setion, then
taking the remaining energy for the seond one and so on. In this way, the event generation will
reprodue the theoretial inlusive spetrum for hadron-hadron interation (by onstrution), as
it should be. The method is, however, very arbitrary, and is ertainly not a onvining proedure
for the multiple sattering aspets of the ollisions.
1.2 Parton-based Gribov-Regge Theory
In this paper, we present a new approah for hadroni interations and for the initial stage of
nulear ollisions, whih is able to solve several of the above-mentioned problems. We provide a
rigorous treatment of the multiple sattering aspet, suh that questions as energy onservation
are learly determined by the rules of the eld theory, both for ross setion and partile produ-
tion alulations. In both (!) ases, energy is properly shared between the dierent interations
happening in parallel, see g. 1.2. for proton-proton and g. 1.3 for proton-nuleus ollisions
Figure 1.2: Graphial representation of a ontribution to the elasti amplitude of proton-proton sattering. Here,
energy onservation is taken into aount: the energy of the inoming protons is shared among several onstituents
(shown by splitting the nuleon lines into several onstituent lines), and so eah Pomeron disposed only a fration
of the total energy, suh that the total energy is onserved.
(generalization to nuleus-nuleus is obvious). This is the most important and new aspet of our
Figure 1.3: Graphial representation of a ontribution to the elasti amplitude of proton-nuleus sattering, or more
preisely a proton interating with (for simpliity) two target nuleons, taking into aount energy onservation.
Here, the energy of the inoming proton is shared between all the onstituents, whih now provide the energy for
interating with two target nuleons.
approah, whih we onsider to be a rst neessary step to onstrut a onsistent model for high
energy nulear sattering.
The elementary interations, shown as the thik lines in the above gures, are in fat a sum
of a soft, a hard, and a semi-hard ontribution, providing a onsistent treatment of soft and hard
sattering. To some extend, our approah provides a link between the Gribov-Regge approah and
the parton model, we all it Parton-based Gribov-Regge Theory.
1.2 Parton-based Gribov-Regge Theory 11
There are still many problems to be solved: as we are going to show later, a rigorous treatment
of energy onservation will lead to unitarity problems (inreasingly severe with inreasing energy),
whih is nothing but a manifestation of the fat that sreening orretions will be inreasingly
important. In this paper we will employ a unitarization proedure to solve this problem, but
this is ertainly not the nal answer. The next step should be a onsistent approah, taking into
aount both energy onservation and sreening orretions due to multi-Pomeron interations.
Our approah is realized as the Monte Carlo ode neXus, whih is nothing but the diret
implementation of the formalism desribed in this paper. All our numerial results are alulated
with neXus version 2.00.
12 1 Introdution
Chapter 2
The Formalism
We want to alulate ross setions and partile prodution in a onsistent way, in both ases
based on the same formalism, with energy onservation being ensured. The formalism operates
with Feynman diagrams of the QCD-inspired eetive eld theory, suh that alulations follow
the general rules of the eld theory. A graphial representation of a ontribution to the elasti
amplitude of nuleus-nuleus sattering (related to partile prodution via the optial theorem) is
shown in g. 2.1: here the nuleons are split into several onstituents, eah one arrying a fra-
interactions
elementary
participants
A
B
remnants
Figure 2.1: A ontribution to the elasti amplitude of a nuleus-nuleus ollision, or more preisely two nuleons
from projetile A interating with two nuleons from target B, taking into aount energy onservation. The energy
of the inoming nuleons is shared between all the onstituents.
tion of the inident momentum, suh that the sum of the momentum frations is one (momentum
onservation). Per nuleon there are one or several partiipants and exatly one spetator or
remnant, where the former ones interat with onstituents from the other side via some elemen-
tary interation (vertial lines in the gure 2.1). The remnant is just all the rest, i.e. the nuleon
minus the partiipants.
After a tehnial remark onerning prole funtions, we are going to disuss parton-parton
sattering, before we develop the multiple sattering theory for hadron-hadron and nuleus-nuleus
sattering.
2.1 Prole Funtions
Prole funtions play a fundamental role in our formalism, so we briey sketh their denition and
physial meaning.
Let T be the elasti sattering amplitude T for the two-body sattering depited in g.2.2. The
4-momenta p and p′ are the ones for the inoming partiles , p˜ = p + q and p˜′ = p′ − q the ones
13
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p=p+q
p’
~
 p
p’=p’-q~
Figure 2.2: The general elasti sattering amplitude T .
for the outgoing partiles, and q the 4-momentum transfer in the proess. We dene as usual the
Mandelstam variables s and t (see appendix A.1). Using the optial theorem, we may write the
total ross setion as
σtot(s) =
1
2s
2ImT (s, t = 0). (2.1)
We dene the Fourier transform T˜ of T as
T˜ (s, b) =
1
4π2
∫
d2q⊥ e−i~q⊥
~b T (s, t), (2.2)
using t = −q2⊥ (see appendix A.2), and a so-alled prole funtion G(s, b) as
G(s, b) =
1
2s
2Im T˜ (s, b). (2.3)
One an easily verify that
σtot(s) =
∫
d2b G(s, b), (2.4)
whih allows an interpretation of G(s, b) to be the probability of an interation at impat parameter
b.
In the following, we are working with partoni, hadroni, and even nulear prole funtions.
The entral result to be derived in the following setions is the fat that hadroni and also nulear
prole funtions an be expressed in terms of partoni ones, allowing a lean formulation of a
multiple sattering theory.
2.2 Parton-Parton Sattering
We distinguish three types of elementary parton-parton satterings, referred to as soft, hard
and semi-hard, whih we are going to disuss briey in the following. The detailed derivations
an be found in appendix B.1.
The Soft Contribution
Let us rst onsider the pure non-perturbative ontribution to the proess of the g. 2.2, where
all virtual partons appearing in the internal struture of the diagram have restrited virtualities
Q2 < Q20, where Q
2
0 ∼ 1 GeV2 is a reasonable uto for perturbative QCD being appliable.
Suh soft non-perturbative dynamis is known to dominate hadron-hadron interations at not too
high energies. Laking methods to alulate this ontribution from rst priniples, it is simply
parameterized and graphially represented as a `blob', see g. 2.3. It is traditionally assumed to
2.2 Parton-Parton Sattering 15
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Figure 2.3: The soft ontribution.
orrespond to multi-peripheral prodution of partons (and nal hadrons) [7℄ and is desribed by
the phenomenologial soft Pomeron exhange ontribution [3℄:
Tsoft(sˆ, t) = 8πs0η(t) γ
2
part
(
sˆ
s0
)αsoft(0)
exp
(
λ
(2)
soft(sˆ/s0) t
)
, (2.5)
with
λ
(n)
soft(z) = nR
2
part + α
′
soft lnz, (2.6)
where sˆ = (p+ p′)2. The parameters αsoft(0), α′soft are the interept and the slope of the Pomeron
trajetory, γpart and R
2
part are the vertex value and the slope for the Pomeron-parton oupling, and
s0 ≃ 1 GeV2 is the harateristi hadroni mass sale. The so-alled signature fator η is given as
η(t) = i− cot παP(t)
2
≃ i. (2.7)
Cutting the diagram of the g. 2.3 orresponds to the summation over multi-peripheral intermediate
hadroni states, onneted via unitarity to the imaginary part of the amplitude (2.5),
1
i
discsˆ Tsoft(sˆ, t) =
1
i
[Tsoft(sˆ+ i0, t)− Tsoft(sˆ− i0, t)] (2.8)
= 2ImTsoft(sˆ, t) (2.9)
=
∑
n,spins,...
∫
dτnTp,p′→XnT
∗
p˜,p˜′→Xn , (2.10)
where Tp,p′→Xn is the amplitude for the transition of the initial partons p, p
′
into the n-partile state
Xn, dτn is the invariant phase spae volume for the n-partile state Xn and the summation is done
over the number of partiles n and over their spins and speies, the averaging over initial parton
olors and spins is assumed; discsˆ Tsoft(sˆ, t) denotes the disontinuity of the amplitude Tsoft(sˆ, t) on
the right-hand ut in the variable sˆ.
For t = 0 one obtains via the optial theorem the ontribution σsoft of the soft Pomeron
exhange to the total parton interation ross setion,
σsoft(sˆ) =
1
2sˆ
2ImTsoft(sˆ, 0) = 8πγ
2
part
(
sˆ
s0
)αsoft(0)−1
, (2.11)
where 2sˆ denes the initial parton ux.
The orresponding prole funtion for parton-parton interation is expressed via the Fourier
transform T˜ of T divided by the ux 2s,
Dsoft(sˆ, b) =
1
2sˆ
2ImT˜soft(sˆ, b), (2.12)
16 2 The Formalism
whih gives
Dsoft(sˆ, b) =
1
8π2sˆ
∫
d2q⊥ exp
(
−i~q⊥~b
)
2ImTsoft
(
sˆ,−q2⊥
)
(2.13)
=
2γ2part
λ
(2)
soft(sˆ/s0)
(
sˆ
s0
)αsoft(0)−1
exp
(
− b
2
4λ
(2)
soft(sˆ/s0)
)
. (2.14)
The external legs of the diagram of g. 2.3 are partoni onstituents, whih are assumed to be
quark-antiquark pairs.
The Hard Contribution
Let us now onsider the other extreme, when all the proesses in the `box' of the g. 2.2 are
perturbative, i.e. all internal intermediate partons are haraterized by large virtualities Q2 > Q20.
In that ase, the orresponding hard parton-parton sattering amplitude T jkhard(sˆ, t) (j, k denote the
types (avors) of the initial partons) an be alulated using the perturbative QCD tehniques
[8, 9℄, and the intermediate states ontributing to the absorptive part of the amplitude of the
g. 2.2 an be dened in the parton basis. In the leading logarithmi approximation of QCD,
summing up terms where eah (small) running QCD oupling onstant αs(Q
2) appears together
with a large logarithm ln(Q2/λ2QCD) (with λQCD being the infrared QCD sale), and making use
of the fatorization hypothesis, one obtains the ontribution of the orresponding ut diagram for
t = q2 = 0 as the ut parton ladder ross setion σjkhard(sˆ, Q
2
0)
1
, whih will orrespond to the ut
diagram of g. 2.4, where all horizontal rungs are the nal (on-shell) partons and the virtualities of
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Figure 2.4: The hard (or val-val) ontribution.
the virtual t-hannel partons inrease from the ends of the ladder towards the largest momentum
transfer parton-parton proess (indiated symbolially by the `blob' in the middle of the ladder):
σjkhard(sˆ, Q
2
0) =
1
2sˆ
2ImT jkhard(sˆ, t = 0)
= K
∑
ml
∫
dx+Bdx
−
Bdp
2
⊥
dσmlBorn
dp2⊥
(x+Bx
−
B sˆ, p
2
⊥) (2.15)
× EjmQCD(x+B, Q20,M2F )EklQCD(x−B , Q20,M2F )θ
(
M2F −Q20
)
,
Here dσmlBorn/dp
2
⊥ is the dierential 2→ 2 parton sattering ross setion, p2⊥ is the parton transverse
momentum in the hard proess, m, l and x±B are orrespondingly the types and the shares of the
light one momenta of the partons partiipating in the hard proess, and M2F is the fatorization
sale for the proess (we use M2F = p
2
⊥/4). The `evolution funtion' E
jm
QCD(Q
2
0,M
2
F , z) represents
the evolution of a parton asade from the sale Q20 to M
2
F , i.e. it gives the number density of
1
Stritly speaking, one obtains the ladder representation for the proess only using axial gauge.
2.2 Parton-Parton S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partons of type m with the momentum share z at the virtuality sale M2F , resulted from the
evolution of the initial parton j, taken at the virtuality sale Q20. The evolution funtion satises
the usual DGLAP equation [10℄ with the initial ondition EjmQCD(Q
2
0, Q
2
0, z) = δ
j
m δ(1 − z), as
disussed in detail in appendix B.3. The fator K ≃ 1.5 takes eetively into aount higher order
QCD orretions.
In the following we shall need to know the ontribution of the unut parton ladder T jkhard(sˆ, t)
with some momentum transfer q along the ladder (with t = q2). The behavior of the orresponding
amplitudes was studied in [11℄ in the leading logarithmi(1/x ) approximation of QCD. The preise
form of the orresponding amplitude is not important for our appliation; we just use some of the
results of [11℄, namely that one an neglet the real part of this amplitude and that it is nearly
independent on t, i.e. that the slope of the hard interation R2hard is negligible small, i.e. ompared
to the soft Pomeron slope one has R2hard ≃ 0. So we parameterize T jkhard(sˆ, t) in the region of small
t as [12℄
T jkhard(sˆ, t) = isˆ σ
jk
hard(sˆ, Q
2
0) exp
(
R2hard t
)
(2.16)
The orresponding prole funtion is obtained by alulating the Fourier transform T˜hard of
Thard and dividing by the initial parton ux 2sˆ,
Djkhard(sˆ, b) =
1
2sˆ
2ImT˜ jkhard(sˆ, b), (2.17)
whih gives
Djkhard (sˆ, b) =
1
8π2sˆ
∫
d2q⊥ exp
(
−i~q⊥~b
)
2ImT jkhard(sˆ,−q2⊥)
= σjkhard
(
sˆ, Q20
) 1
4πR2hard
exp
(
− b
2
4R2hard
)
, (2.18)
In fat, the above onsiderations are only orret for valene quarks, as disussed in detail in
the next setion. Therefore, we also talk about valene-valene ontribution and we use Dval−val
instead of Dhard:
Djkval−val (sˆ, b) ≡ Djkhard (sˆ, b) , (2.19)
so these are two names for one and the same objet.
The Semi-hard Contribution
The disussion of the preeding setion is not valid in ase of sea quarks and gluons, sine here
the momentum share x1 of the rst parton is typially very small, leading to an objet with a
large mass of the order Q20/x1 between the parton and the proton [13℄. Mirosopially, suh 'slow'
partons with x1 ≪ 1 appear as a result of a long non-perturbative parton asade, where eah
individual parton branhing is haraterized by a small momentum transfer squared Q2 < Q20 and
nearly equal partition of the parent parton light one momentum [7, 14℄. When alulating proton
struture funtions or high-pt jet prodution ross setions that non-perturbative ontribution is
usually inluded into parameterized initial parton momentum distributions at Q2 = Q20. However,
the desription of inelasti hadroni interations requires to treat it expliitly in order to aount for
seondary partiles produed during suh non-perturbative parton pre-evolution, and to desribe
orretly energy-momentum sharing between multiple elementary satterings. As the underlying
dynamis appears to be idential to the one of soft parton-parton sattering onsidered above, we
treat this soft pre-evolution as the usual soft Pomeron emission, as disussed in detail in appendix
B.1.
So for sea quarks and gluons, we onsider so-alled semi-hard interations between parton
onstituents of initial hadrons, represented by a parton ladder with soft ends, see g. 2.5. As in
18 2 The Formalism
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Figure 2.5: The semi-hard sea-sea ontribution: parton ladder plus soft ends.
ase of soft sattering, the external legs are quark-antiquark pairs, onneted to soft Pomerons. The
outer partons of the ladder are on both sides sea quarks or gluons (therefore the index sea-sea).
The entral part is exatly the hard sattering onsidered in the preeding setion. As disussed in
length in the appendix B.1, the mathematial expression for the orresponding amplitude is given
as
iTsea−sea(sˆ, t) =
∑
jk
∫ 1
0
dz+
z+
dz−
z−
ImT jsoft
( s0
z+
, t
)
ImT ksoft
( s0
z−
, t
)
iT jkhard(z
+z−sˆ, t), (2.20)
with z± being the momentum fration of the external leg-partons of the parton ladder relative to
the momenta of the initial (onstituent) partons. The indies j and k refer to the avor of these
external ladder partons. The amplitudes T jsoft are the soft Pomeron amplitudes disussed earlier,
but with modied ouplings, sine the Pomerons are now onneted to the ladder on one side. The
arguments s0/z
±
are the squared masses of the two soft Pomerons, z+z−sˆ is the squared mass of
the hard piee.
Performing as usual the Fourier transform to the impat parameter representation and dividing
by 2sˆ, we obtain the prole funtion
Dsea−sea (sˆ, b) =
1
2sˆ
2Im T˜sea−sea(sˆ, b) , (2.21)
whih may be written as
Dsea−sea (sˆ, b) =
∑
jk
∫ 1
0
dz+dz−Ejsoft
(
z+
)
Eksoft
(
z−
)
σjkhard(z
+z−sˆ, Q20)
× 1
4π λ
(2)
soft(1/(z
+z−))
exp
(
− b
2
4λ
(2)
soft(1/(z
+z−))
)
(2.22)
with the soft Pomeron slope λ
(2)
soft and the ross setion σ
jk
hard being dened earlier. The funtions
Ejsoft (z
±) representing the soft ends are dened as
Ejsoft(z
±) = ImT jsoft
( s0
z+
, t = 0
)
, (2.23)
or expliitly
Egsoft (z) = 8πs0γpartγg z
−αsoft(0) (1 − z)βg , (2.24)
Eqsoft (z) = γqg
∫ 1
z
dξ P qg (ξ)E
g
soft
(
z
ξ
)
, (2.25)
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with
γqgγg = wsplit γ˜g, γg = (1− wsplit) γ˜g, (2.26)
and
γ˜g =
1
8πs0γpart
Γ(3− αsoft(0) + βg)
Γ(2− αsoft(0)) Γ(1 + βg) (2.27)
(see appendix B.1). We negleted the small hard sattering slope R2hard ompared to the Pomeron
slope λ
(2)
soft. We all Esoft also the  soft evolution, to indiate that we onsider this as simply
a ontinuation of the QCD evolution, however, in a region where perturbative tehniques do not
apply any more. As disussed in the appendix B.1, Ejsoft (z) has the meaning of the momentum
distribution of parton j in the soft Pomeron.
Consisteny requires to also onsider the mixed semi-hard ontributions with a valene quark
on one side and a non-valene partiipant (quark-antiquark pair) on the other one, see g. 2.6.
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Figure 2.6: Two mixed ontributions.
We have
iT jval−sea(sˆ, t) =
∫ 1
0
dz−
z−
∑
k
ImT ksoft
( s0
z−
, t
)
iT jkhard
(
z−sˆ, t
)
(2.28)
and
Djval−sea (sˆ, b) =
∑
k
∫ 1
0
dz−Eksoft
(
z−
)
σjkhard
(
z−sˆ, Q20
)
(2.29)
× 1
4π λ
(1)
soft(1/z
−)
exp
(
− b
2
4λ
(1)
soft(1/z
−)
)
where j is the avor of the valene quark at the upper end of the ladder and k is the type of the
parton on the lower ladder end. Again, we negleted the hard sattering slope R2hard ompared to
the soft Pomeron slope. A ontributionDjsea−val (sˆ, b), orresponding to a valene quark partiipant
from the target hadron, is given by the same expression,
Djsea−val (sˆ, b) = D
j
val−sea (sˆ, b) , (2.30)
sine eq. (2.29) stays unhanged under replaement z− → z+ and only depends on the total .m.
energy squared sˆ for the parton-parton system.
2.3 Hadron-Hadron Sattering
Let us now onsider hadron-hadron interations (a more detailed treatment an be found in ap-
pendix C). We ignore rst ontributions involving valene quark satterings. In the general ase,
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Figure 2.7: Hadron-hadron interation amplitude.
the expression for the hadron-hadron sattering amplitude inludes ontributions from multiple
sattering between dierent parton onstituents of the initial hadrons, as shown in g. 2.7, and
an be written aording to the standard rules [3, 14℄ as
iTh1h2(s, t) =
∞∑
n=1
1
n!
∫ n∏
l=1
[
d4kl
(2π)4
d4k′l
(2π)4
d4ql
(2π)4
]
N
(n)
h1
(p, k1, . . . , kn, q1, . . . , qn) (2.31)
×
n∏
l=1
[
iT1IP(sˆl, q
2
l )
]
N
(n)
h2
(p′, k′1, . . . , k
′
n,−q1, . . . ,−qn) (2π)4δ(4)
(
n∑
k=1
qi − q
)
,
with t = q2, s = (p+ p′)2 ≃ p+p′−, with p, p′ being the 4-momenta of the initial hadrons, and with
sˆl = (kl + k
′
l)
2 ≃ k+l k′−l . T1IP is the sum of partoni one-Pomeron-exhange sattering amplitudes,
disussed in the preeding setion, T1IP = Tsoft + Tsea−sea. The momenta kl, k′l and ql denote
orrespondingly the 4-momenta of the initial partoni onstituents (quark-antiquark pairs) for the
l-th sattering and the 4-momentum transfer in that partial proess. The fator 1/n! takes into
aount the idential nature of the n re-sattering ontributions. N
(n)
h (p, k1, . . . , kn, q1, . . . , qn)
denotes the ontribution of the vertex for n-parton oupling to the hadron h.
As disussed in appendix C, the hadron-hadron amplitude (2.31) may be written as
iTh1h2(s, t) = 8π
2s
∞∑
n=1
1
n!
∫ 1
0
n∏
l=1
dx+l dx
−
l
n∏
l=1
[
1
8π2sˆl
∫
d2ql⊥ iT
h1h2
1IP
(
x+l , x
−
l , s,−q2l⊥
)]
× Fh1remn
1− n∑
j=1
x+j
 Fh2remn
1− n∑
j=1
x−j
 δ(2)( n∑
k=1
~qk⊥ − ~q⊥
)
. (2.32)
(see eq. (C.22)), where the partoni amplitudes are dened as T h1h21IP = T
h1h2
soft + T
h1h2
sea−sea, with
T h1h2soft/sea−sea
(
x+, x−, s,−q2⊥
)
= Tsoft/sea−sea
(
x+x−s,−q2⊥
)
Fh1part(x
+)Fh2part(x
−)
× exp(− [R2h1 +R2h2] q2⊥) (2.33)
representing the ontributions of elementary interations plus external legs; the funtions Fhremn, F
h
part
are dened in (C.18-C.21) as
Fhpart(x) = γhx
−αpart , (2.34)
Fhremn(x) = x
αhremn . (2.35)
Formula (2.32) is also orret if one inludes valene quarks (see appendix C) , if one denes
T h1h21IP = T
h1h2
soft + T
h1h2
sea−sea + T
h1h2
val−val + T
h1h2
val−sea + T
h1h2
sea−val, (2.36)
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with the hard ontribution
T h1h2val−val
(
x+, x−, s,−q2⊥
)
=
∫ x+
0
dx+v
x+
x+v
∫ x−
0
dx−v
x−
x−v
∑
j,k
T jkhard
(
x+v x
−
v s,−q2⊥
)
(2.37)
× F¯h1,jpart (x+v , x+ − x+v ) F¯h2,kpart (x−v , x− − x−v ) exp
(− [R2h1 +R2h2] q2⊥) ,
with the mixed semi-hard val-sea ontribution
T h1h2val−sea
(
x+, x−, s,−q2⊥
)
=
∫ x+
0
dx+v
x+
x+v
∑
j
T jval−sea
(
x+v x
−s,−q2⊥
)
(2.38)
× F¯h1,jpart (x+v , x+ − x+v )Fh2part(x−) exp
(− [R2h1 +R2h2] q2⊥) ,
and with the ontribution sea-val obtained from val-sea by exhanging variables,
T h1h2sea−val
(
x+, x−, s,−q2⊥
)
= T h2h1val−sea
(
x−, x+, s,−q2⊥
)
.
Here, we allow formally any number of valene type interations (based on the fat that multiple
valene type proesses give negligible ontribution). In the valene ontributions, we have onvo-
lutions of hard parton sattering amplitudes T jkhard and valene quark distributions F¯
j
part over the
valene quark momentum share x±v rather than a simple produt, sine only the valene quarks are
involved in the interations, with the anti-quarks staying idle (the external legs arrying momenta
x+ and x− are always quark-antiquark pairs). The funtions F¯ are given as
F¯h,ipart(xv, xq¯) = N
−1 qival(xv, Q
2
0)(1 − xv)αIR−1−αremn(xq¯)−αIR , (2.39)
with the normalization fator
N =
Γ(1 + αremn) Γ(1− αIR)
Γ(2 + αremn − αIR) , (2.40)
where qival is a a usual valene quark distribution funtion.
The Fourier transform T˜h1h2 of the amplitude (2.32) is given as
i
2s
T˜h1h2(s, b) =
∞∑
n=1
1
n!
∫ 1
0
n∏
l=1
dx+l dx
−
l
n∏
l=1
i
2sˆl
T˜ h1h21IP (x
+
l , x
−
l , s, b)
× Fh1remn
1− n∑
j=1
x+j
 Fh2remn
1− n∑
j=1
x−j
 , (2.41)
withT˜ h1h21IP being the Fourier transform of T
h1h2
1IP . The prole funtion γ is as usual dened as
γh1h2(s, b) =
1
2s
2ImT˜h1h2(s, b), (2.42)
whih may be evaluated using the AGK utting rules [15℄,
γh1h2(s, b) =
∞∑
m=1
1
m!
∫ 1
0
m∏
µ=1
dx+µ dx
−
µ
m∏
µ=1
1
2sˆµ
2ImT˜ h1h21IP (x
+
µ , x
−
µ , s, b)
×
∞∑
l=0
1
l!
∫ 1
0
l∏
λ=1
dx˜+λ dx˜
−
λ
l∏
λ=1
1
2sˆλ
(−2)ImT˜ h1h21IP (x˜+λ , x˜−λ , s, b)
× Fh1remn
1− m∑
j=1
x+j −
l∑
k=1
x˜+k
 Fh2remn
1− m∑
j=1
x−j −
l∑
k=1
x˜−k
 , (2.43)
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where 2ImT˜h1h2 represents a ut elementary diagram and −2ImT˜h1h2 an unut one (taking into
aount that the unut ontribution may appear on either side from the ut plane). It is therefore
useful to dene a partoni prole funtion G via
Gh1h21IP (x
+
λ , x
−
λ , s, b) =
1
2x+λ x
−
λ s
2Im T˜ h1h21IP (x
+
λ , x
−
λ , s, b), (2.44)
whih allows to write the integrand of the right-hand-side of eq. (2.43) as a produt of G and (−G)
terms:
γh1h2(s, b) =
∞∑
m=1
1
m!
∫ 1
0
m∏
µ=1
dx+µ dx
−
µ
m∏
µ=1
Gh1h21IP (x
+
µ , x
−
µ , s, b)
×
∞∑
l=0
1
l!
∫ 1
0
l∏
λ=1
dx˜+λ dx˜
−
λ
l∏
λ=1
−Gh1h21IP (x˜+λ , x˜−λ , s, b)
× Fremn
(
xproj −
∑
λ
x˜+λ
)
Fremn
(
xtarg −
∑
λ
x˜−λ
)
, (2.45)
see g. 2.8, with
xproj/targ = 1−
∑
x±µ
being the momentum fration of the projetile/target remnant. This is a very important result,
...
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Figure 2.8: The hadroni prole funtion γ expressed in terms of partoni prole funtions G ≡ Gh1h2
1IP
.
allowing to express the total prole funtion γh1h2 via the elementary prole funtions G
h1h2
1IP .
Based on the above denitions, we may write the prole funtion Gh1h21IP as
Gh1h21IP = G
h1h2
soft +G
h1h2
sea−sea +G
h1h2
val−val +G
h1h2
val−sea +G
h1h2
sea−val, (2.46)
with
Gh1h2soft/sea−sea
(
x+, x−, s, b
)
= Dh1h2soft/sea−sea
(
x+x−s, b
)
Fh1part(x
+)Fh2part(x
−) (2.47)
for the soft and semi-hard sea-sea ontribution, with
Gh1h2val−val(x
+, x−, s, b) =
∫
dx+qvdx
−
qv
∑
i,j
Dh1h2,ijval−val(x
+
qvx
−
qvs, b)
× F¯h1,ipart(x+qv , x+ − x+qv ) F¯h2,jpart (x−qv , x− − x−qv ) (2.48)
for the hard val-val ontribution, and with
Gh1h2val−sea(x
+, x−, s, b) =
∫
dx+qv
∑
i
Dh1h2,ival−sea(x
+
qvx
−s, b) F¯h1,ipart(x
+
qv , x
+ − x+qv )Fh2part(x−) (2.49)
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and
Gh1h2sea−val(x
+, x−, s, b) =
∫
dx−qv
∑
i
Dh2h1,ival−sea(x
+x−qvs, b) F¯
h2,i
part(x
−
qv , x
− − x−qv )Fh1part(x+), (2.50)
for the mixed semi-hard val-sea and sea-val ontributions. For the soft and sea-sea ontribu-
tions, the D-funtions are given as
Dh1h2soft/sea−sea(sˆ, b) =
∫
d2b′Dsoft/sea−sea(sˆ, |~b−~b′|)
1
4π
(
R2h1 +R
2
h2
) exp[− b′2
4
(
R2h1 +R
2
h2
)] ,
(2.51)
whih means that Dh1h2soft/sea−sea has the same funtional form as Dsoft/sea−sea, with λ
(2)
soft(ξ) being
replaed by
λh1h2soft (ξ) = λ
(2)
soft(ξ) +R
2
h1 +R
2
h2 (2.52)
≃ R2h1 +R2h2 + α′soft lnξ, (2.53)
where we negleted the parton slope R2part ompared to the hadron slope R
2
h.
For the hard ontribution, we have orrespondingly Dh1h2,ijval−val(sˆ, b) being given in eq. (2.18) with
R2hard being replaed by R
2
h1
+R2h2 (negleting the hard sattering slope R
2
hard as ompared to the
hadron Regge slopes R2h1 , R
2
h2
). In ase of mixed Pomerons, we have Dh1h2,ival−sea(sˆ, b) given in eq.
(2.29) with R2part being replaed by R
2
h1
+R2h2 .
2.4 Nuleus-Nuleus Sattering
We generalize the disussion of the last setion in order to treat nuleus-nuleus sattering. In the
Glauber-Gribov approah [16, 17℄, the nuleus-nuleus sattering amplitude is dened by the sum of
ontributions of diagrams, shown at g.2.1, orresponding to multiple sattering proesses between
parton onstituents of projetile and target nuleons. Nulear form fators are supposed to be
dened by the nulear ground state wave funtions. Assuming the nuleons to be unorrelated, one
an make the Fourier transform to obtain the amplitude in the impat parameter representation.
Then, for given impat parameter
~b0 between the nulei, the only formal dierenes from the
hadron-hadron ase will be the possibility for a given nuleon to interat with a number of nuleons
from the partner nuleus as well as the averaging over nulear ground states, whih amounts to
an integration over transverse nuleon oordinates
~bAi and
~bBj in the projetile and in the target
orrespondingly. We write this integration symbolially as∫
dTAB :=
∫ A∏
i=1
d2bAi TA(b
A
i )
B∏
j=1
d2bBj TB(b
B
j ), (2.54)
with A,B being the nulear mass numbers and with the so-alled nulear thikness funtion TA(b)
being dened as the integral over the nulear density ρA(B),
TA(b) :=
∫
dz ρA(
√
b2 + z2). (2.55)
For the nulear densities, we use a parameterization of experimental data of [18℄,
ρA(r) ∝

exp
{−r2/1.722} if A = 2,
exp
{−r2/(0.9A1/3)2} if 2 < A < 10,
1/
{
1 + exp( r−0.7A
0.446
0.545 )
}
if A ≥ 10.
(2.56)
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It is onvenient to use the transverse distane bk between the two nuleons from the k-th nuleon-
nuleon pair, i.e.
bk =
∣∣∣~b0 +~bAπ(k) −~bBτ(k)∣∣∣ , (2.57)
where the funtions π(k) and τ(k) refer to the projetile and the target nuleons partiipating
in the kth interation (pair k). In order to simplify the notation, we dene a vetor b whose
omponents are the overall impat parameter b0 as well as the transverse distanes b1, ..., bAB of
the nuleon pairs,
b = {b0, b1, ..., bAB}. (2.58)
Then the nuleus-nuleus interation ross setion an be obtained applying the utting proedure
to elasti sattering diagrams of g.2.1 and written in the form
σABinel(s) =
∫
d2b0
∫
dTAB γAB(s, b), (2.59)
where the so-alled nulear prole funtion γAB represents an interation for given transverse
oordinates of the nuleons.
The alulation of the prole funtion γAB as the sum over all ut diagrams of the type shown
in g.2.9 does not dier from the hadron-hadron ase and follows the rules formulated in the
Fremn
G
A
B
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Figure 2.9: Example for a ut multiple sattering diagram, with ut (dashed lines) and unut (full lines) elementary
diagrams. This diagram an be translated diretly into a formula for the inelasti ross setion (see text).
preeding setion:
• For a remnant arrying the light one momentum fration x (x+ in ase of projetile, or x−in
ase of target), one has a fator Fremn(x), dened in eq. (2.35).
• For eah ut elementary diagram (real elementary interation = dashed vertial line) at-
tahed to two partiipants with light one momentum frations x+ and x−, one has a fator
G(x+, x−, s, b), given by eqs. (2.46-2.50). Apart of x+ and x−, G is also a funtion of the to-
tal squared energy s and of the relative transverse distane b between the two orresponding
nuleons (we use G as an abbreviation for GNN1IP for nuleon-nuleon sattering).
• For eah unut elementary diagram (virtual emissions = full vertial line) attahed to two par-
tiipants with light one momentum frations x+ and x−, one has a fator −G(x+, x−, s, b),
with the same G as used for the ut diagrams.
• Finally one sums over all possible numbers of ut and unut Pomerons and integrates over
the light one momentum frations.
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So we nd
γAB(s, b) =
∑
m1l1
. . .
∑
mABlAB
(1 − δ0Σmk)
∫ AB∏
k=1
{
mk∏
µ=1
dx+k,µdx
−
k,µ
lk∏
λ=1
dx˜+k,λdx˜
−
k,λ
}
×
AB∏
k=1
{
1
mk!
1
lk!
mk∏
µ=1
G(x+k,µ, x
−
k,µ, s, bk)
lk∏
λ=1
−G(x˜+k,λ, x˜−k,λ, s, bk)
}
×
A∏
i=1
Fremn
x+i − ∑
π(k)=i
x˜+k,λ
 B∏
j=1
Fremn
x−j − ∑
τ(k)=j
x˜−k,λ

(2.60)
with
xproji = 1−
∑
π(k)=i
x+k,µ , (2.61)
xtargj = 1−
∑
τ(k)=j
x−k,µ . (2.62)
The summation indiesmk refer to the number of ut elementary diagrams and lk to the number of
unut elementary diagrams, related to nuleon pair k. For eah possible pair k (we have altogether
AB pairs), we allow for any number of ut and unut diagrams. The integration variables x±k,µ refer
to the µth elementary interation of the kth pair for the ut elementary diagrams, the variables x˜±k,λ
refer to the orresponding unut elementary diagrams. The arguments of the remnant funtions
Fremn are the remnant light one momentum frations, i.e. unity minus the the momentum frations
of all the orresponding elementary ontributions (ut and unut ones). We also introdue the
variables x+i and x
−
j , dened as unity minus the momentum frations of all the orresponding ut
ontributions, in order to integrate over the unut ones (see below).
The expression for γAB(...) sums up all possible numbers of ut Pomeronsmk with one exeption
due to the fator (1 − δ0Σmk): one does not onsider the ase of all mk's being zero, whih
orresponds to no interation and therefore does not ontribute to the inelasti ross setion. We
may therefore dene a quantity γ¯AB(...), representing no interation, by taking the expression
for γAB(...) with (1 − δ0Σmk) replaed by (δ0Σmk):
γ¯AB(s, b) =
∑
l1
. . .
∑
lAB
∫ AB∏
k=1
{
lk∏
λ=1
dx˜+k,λdx˜
−
k,λ
}
AB∏
k=1
{
1
lk!
lk∏
λ=1
−G(x˜+k,λ, x˜−k,λ, s, bk)
}
×
A∏
i=1
F+
1− ∑
π(k)=i
x˜+k,λ
 B∏
j=1
F−
1− ∑
τ(k)=j
x˜−k,λ
 . (2.63)
One now may onsider the sum of interation and no interation, and one obtains easily
γAB(s, b) + γ¯AB(s, b) = 1. (2.64)
Based on this important result, we onsider γAB to be the probability to have an interation and
orrespondingly γ¯AB to be the probability of no interation, for xed energy, impat parameter
and nulear onguration, speied by the transverse distanes bk between nuleons, and we refer
to eq. (2.64) as unitarity relation. But we want to go even further and use an expansion of γAB
in order to obtain probability distributions for individual proesses, whih then serves as a basis
for the alulations of exlusive quantities.
The expansion of γAB in terms of ut and unut Pomerons as given above represents a sum of
a large number of positive and negative terms, inluding all kinds of interferenes, whih exludes
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any probabilisti interpretation. We have therefore to perform summations of interferene on-
tributions - sum over any number of virtual elementary satterings (unut Pomerons) - for given
non-interfering lasses of diagrams - with given numbers of real satterings (ut Pomerons) [15℄.
Let us write the formulas expliitly. We have
γAB(s, b) =
∑
m1
. . .
∑
mAB
(1 − δ0∑mk) ∫ AB∏
k=1
{
mk∏
µ=1
dx+k,µdx
−
k,µ
}
×
AB∏
k=1
{
1
mk!
mk∏
µ=1
G(x+k,µ, x
−
k,µ, s, bk)
}
ΦAB
(
xproj, xtarg, s, b
)
, (2.65)
where the funtion Φ representing the sum over virtual emissions (unut Pomerons) is given by
the following expression
ΦAB
(
xproj, xtarg, s, b
)
=
∑
l1
. . .
∑
lAB
∫ AB∏
k=1
{
lk∏
λ=1
dx˜+k,λdx˜
−
k,λ
}
AB∏
k=1
{
1
lk!
lk∏
λ=1
−G(x˜+k,λ, x˜−k,λ, s, bk)
}
×
A∏
i=1
Fremn
xproji − ∑
π(k)=i
x˜+k,λ
 B∏
j=1
Fremn
xtargj − ∑
τ(k)=j
x˜−k,λ
 . (2.66)
This summation has to be arried out, before we may use the expansion of γAB to obtain probability
distributions. This is far from trivial, as we are going to disuss in the next setion, but let us
assume for the moment that it an be done. To make the notation more ompat, we dene
matries X+ and X−, as well as a vetor m, via
X+ =
{
x+k,µ
}
, (2.67)
X− =
{
x−k,µ
}
, (2.68)
m = {mk}, (2.69)
whih leads to
γAB(s, b) =
∑
m
(1− δ0m)
∫
dX+dX−Ω(s,b)AB (m,X
+, X−), (2.70)
γ¯AB(s, b) = Ω
(s,b)
AB (0, 0, 0), (2.71)
with
Ω
(s,b)
AB (m,X
+, X−) =
AB∏
k=1
{
1
mk!
mk∏
µ=1
G(x+k,µ, x
−
k,µ, s, bk)
}
ΦAB
(
xproj, xtarg, s, b
)
. (2.72)
This allows to rewrite the unitarity relation eq. (2.64) in the following form,
∑
m
∫
dX+dX−Ω(s,b)AB (m,X
+, X−) = 1. (2.73)
This equation is of fundamental importane, beause it allows us to interpret Ω(s,b)(m,X+, X−)
as probability density of having an interation onguration haraterized by m, with the light
one momentum frations of the Pomerons being given by X+ and X−.
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2.5 Dirative Sattering
We do not have a onsistent treatment of dirative sattering at the moment, this is left to a
future projet in onnetion with a omplete treatment of enhaned diagrams. For the moment,
we introdue diration by hand: in ase of no interation in pp or pA sattering, we onsider
the projetile to be diratively exited with probability
wdiff
(
1−
√
Φ(1, xtarg, s, b)
)2
Φ(1, xtarg, s, b)
, (2.74)
with a t parameter wdiff . Nuleus-nuleus sattering is here (but only here!) onsidered as
omposed of pA or Ap ollisions.
2.6 AGK Canelations in Hadron-Hadron Sattering
As a rst appliation, we are going to prove that AGK anelations apply perfetly in our model
2
.
As we showed above, the desription of high energy hadroni interation requires to onsider
expliitly a great number of ontributions, orresponding to multiple sattering proess, with a
number of elementary parton-parton interations happening in parallel. However, when alulat-
ing inlusive spetra of seondary partiles, it is enough to onsider the simplest hadron-hadron
(nuleus-nuleus) sattering diagrams ontaining a single elementary interation, as the ontribu-
tions of multiple sattering diagrams with more than one elementary interation exatly anel
eah other. This so-alled AGK-anelation is a onsequene of the general Abramovskii-Gribov-
Kanheli utting rules [15℄.
Let us onsider the most fundamental inlusive distribution, where all other inlusive spetra
may be derived from: the distribution dnh1h2Pom /dx
+dx−, with dnh1h2Pom being the number of Pomerons
with light one momentum frations between x+ and x+ + dx+and between x− and x− + dx−
respetively, at a given value of b and s. If AGK anelations apply, the result for dnh1h2Pom /dx
+dx−
should oinide with the ontribution oming from exatly one elementary interation (see eq.
(2.45)):
dn
(1)h1h2
Pom
dx+dx−
(x+, x−, s, b) = Gh1h21IP (x
+, x−, s, b)Fh1remn(1− x+)Fh2remn(1− x−), (2.75)
and the ontributions from multiple sattering should exatly anel. We have per denition
dnh1h2Pom
dx+dx−
(x+, x−, s, b) =
∞∑
m=1
∞∑
l=0
∫ m∏
µ=1
dx+µ dx
−
µ
m+l∏
λ=m+1
dx+λ dx
−
λ
× 1
m!
1
l!
m∏
µ=1
Gh1h21IP (x
+
µ , x
−
µ , s, b)
m+l∏
λ=m+1
−Gh1h21IP (x+λ , x−λ , s, b)
× Fh1remn(1−
m+l∑
ν=1
x+ν )F
h2
remn(1−
m+l∑
ν=1
x−ν ) (2.76)
×
m∑
µ′=1
δ(x+ − x+µ′)δ(x− − x−µ′).
2
We speak here about the ontribution of elementary interations (Pomeron exhanges) to the seondary par-
tile prodution; the AGK anellations do not hold for the ontribution of remnant states (spetator partons)
hadronization [4℄.
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Due to the symmetry of the integrand in the r.h.s. of eq. (2.76) in the variables x±1 , . . . , x
±
m, the
sum of delta funtions produes a fator mG(x+, x−, s, b), and removes one dx+µ dx
−
µ integration.
Using
m
∞∑
m=1
. . .
1
m!
m−1∏
µ=1
. . . =
∞∑
m′=0
. . .
1
m′!
m′∏
µ=1
. . . , (2.77)
with m′ = m− 1, we get
dnh1h2Pom
dx+dx−
(x+, x−, s, b) = Gh1h21IP (x
+, x−, s, b)
1
n!
∞∑
n=0
∫ n∏
ν=1
dx+ν dx
−
ν (2.78)
×
{
n∑
m=0
(
n
m
) m∏
µ=1
Gh1h21IP (x
+
µ , x
−
µ , s, b)
n∏
λ=m+1
−Gh1h21IP (x+λ , x−λ , s, b)
}
× Fh1remn(1− x+ −
n∑
ν=1
x+ν )F
h2
remn(1 − x− −
n∑
ν=1
x−ν ) .
The term in urly brakets {. . .} is 1 for n = 0 and zero otherwise, so we get the important nal
result
dnh1h2Pom
dx+dx−
(x+, x−, s, b) =
dn
(1)h1h2
Pom
dx+dx−
(x+, x−, s, b), (2.79)
whih orresponds to one single elementary interation; the multiple sattering aspets ompletely
disappeared, so AGK anelations indeed apply in our approah. AGK anelations are losely
related to the fatorization formula for jet prodution ross setion, sine as a onsequene of eq.
(2.79), we may obtain the inlusive jet ross setion in a fatorized form as
σh1h2jet =
∑
j,k
∫
dp2⊥
∫
dz+
∫
dz− fh1j (z
+,M2F ) f
h2
k (z
−,M2F )
dσjkBorn
dp2⊥
(z+z−s, p2⊥), (2.80)
with fh1j and f
h2
k representing the parton distributions of the two hadrons.
2.7 AGK Canelations in Nuleus-Nuleus Sattering
We have shown in the previous setion that for hadron-hadron sattering AGK anelations apply,
whih means that inlusive spetra oinide with the ontributions oming from exatly one ele-
mentary interation. For multiple Pomeron exhanges we have a omplete destrutive interferene,
they do not ontribute at all. Here, we are going to show that AGK anelations also apply for
nuleus-nuleus sattering, whih means that the inlusive ross setion for A+B sattering is AB
times the orresponding inlusive ross setion for proton-proton interation.
The inlusive ross setion for forming a Pomeron with light one momentum frations x+ and
x− in nuleus-nuleus sattering is given as
dσABPom
dx+dx−
(x+, x−, s) =
∫
d2b0
∫
dTAB
×
∑
m1l1
. . .
∑
mABlAB
(1 − δ0∑mk)∫ AB∏
k=1
{
mk+lk∏
µ=1
dx+k,µdx
−
k,µ
}
×
AB∏
k=1
{
1
mk!lk!
mk∏
µ=1
G(x+k,µ, x
−
k,µ, s, bk)
mk+lk∏
λ=mk+1
−G(x+k,λ, x−k,λ, s, bk)
}
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×
A∏
i=1
Fremn
1− ∑
π(k)=i
x+k,λ
 B∏
j=1
Fremn
1− ∑
τ(k)=j
x−k,λ

×
AB∑
k′=1
mk∑
µ′=1
δ(x+ − x+k′µ′)δ(x− − x−k′µ′). (2.81)
The fator (1−δ0∑mk) makes sure that at least one of the indiesmk is bigger than zero. Integrat-
ing over the variables appearing in the delta funtions, we obtain a fator
∑
k′ G(x
+, x−, s, bk) ·mk′
whih may be written in front of
∑
m1l1
... . In the following expression one may rename the integra-
tion variables suh that the variables x+k′mk′ and x
−
k′mk′
disappear. This means for the arguments
of the funtions Fremn that for i = π(k
′) and j = τ(k′) one replaes 1 by 1 − x+ and 1 − x−
respetively. Then one uses the fator mk′ mentioned above to replae mk′ ! by (mk′ − 1)!. One
nally renames (mk′ −1) by mk′ , as a onsequene of whih one may drop the fator (1−δ0∑mk).
This is ruial, sine now we have fators of the form
∞∑
mk=0
∞∑
lk=0
...
1
mk!lk!
mk∏
µ=1
G(x+k,µ, x
−
k,µ, s, b)
mk+lk∏
λ=mk+1
−G(x+k,λ, x−k,λ, s, b).... (2.82)
In this sum only the term for mk = 0 and lk = 0 is dierent from zero, namely 1, and so we get
dσABPom
dx+dx−
(x+, x−, s, b) =
∫
d2b0
∫
dTAB
∑
k′
G(x+, x−, s, bk′)Fremn(1− x+)Fremn(1− x−). (2.83)
Using the denition of dTAB, writing bk′ expliitly as |~b0 +~bAπ(k) −~bBτ(k)|, we obtain
dσABPom
dx+dx−
(x+, x−, s) = AB
∫
d2b0
∫
d2b+T (b+)
∫
d2b−T (b−)G(x+, x−, s, |~b0 +~b+ −~b−|)
× Fremn(1− x+)Fremn(1− x−). (2.84)
Changing the order of the integrations, we obtain nally
dσABPom
dx+dx−
(x+, x−, s) = AB
dσppPom
dx+dx−
(x+, x−, s) (2.85)
with
dσppPom
dx+dx−
(x+, x−, s) =
∫
d2bG(x+, x−, s, b)Fremn(1 − x+)Fremn(1− x−). (2.86)
Sine any other inlusive ross setion dσincl/dq may be obtained from the inlusive Pomeron
distribution via onvolution, we obtain the very general result
dσABincl
dq
(q, s, b) = AB
dσppincl
dq
(q, s, b), (2.87)
so nuleus-nuleus inlusive ross setions are just AB times the proton-proton ones. So, indeed,
AGK anelations apply perfetly in our approah.
2.8 Outlook
What did we ahieve so far? We have a well dened model, introdued by using the language
of eld theory (Feynman diagrams). We were able to prove some elementary properties (AGK
anelations in ase of proton-proton and nuleus-nuleus sattering). To proeed further, we have
to solve (at least) two fundamental problems:
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• the sum over virtual emissions has to be performed,
• tools have to be developed to deal with the multidimensional probability distribution
Ω
(s,b)
AB (m,X
+, X−),
both being very diult tasks.
Calulating the sum over virtual emissions (ΦAB) is not only tehnially diult, there are also
oneptual problems. By studying the properties of ΦAB, we nd that at very high energies the
theory is no longer unitary without taking into aount additional sreening orretions. In this
sense, we onsider our work as a rst step to onstrut a onsistent model for high energy nulear
sattering, but there is still work to be done.
Conerning the multidimensional probability distribution Ω
(s,b)
AB (m,X
+, X−), we are going to
develop methods well known in statistial physis (Markov hain tehniques), whih we also are
going to disuss in detail later. So nally, we are able to alulate the probability distribution
Ω
(s,b)
AB (m,X
+, X−), and are able to generate (in a Monte Carlo fashion) ongurations (m,X+, X−)
aording to this probability distribution.
The two above mentioned problems will be disussed in detail in the following hapters.
Chapter 3
Virtual Emissions
In order to proeed, we need to alulate the sum over virtual emissions, represented by the
funtion ΦAB. Understanding the behavior of ΦAB is ruial, sine this funtion is related to γ¯AB
and plays therefore a ruial role in onnetion with unitarity, the unitarity equation being given
as γAB + γ¯AB = 1. By studying the properties of ΦAB, we nd inonsistenies in the limit of
high energies, in the sense that the individual terms appearing in the unitarity equation are not
neessarily positive. Attempting to understand this unphysial behavior, we nd that any model
where AGK anelations apply (so most of the models used presently) has to run asymptotially
into this problem. So eventually one needs to onstrut models, where AGK anelations are
violated, whih is going to be expeted when ontributions of Pomeron-Pomeron interations are
taken into onsideration.
As a rst phenomenologial solution of the unitarity problem, we are going to unitarize the
bare theory introdued in the preeding hapter by hand, suh that the theory is hanged as
little as possible, but the asymptoti problems disappear. The next step should of ourse be a
onsistent treatment inluding ontributions of enhaned Pomeron diagrams.
In the following, we are going to present the alulation of ΦAB, we disuss the unitarity
problems and the phenomenologial solution, as well as properties of the unitarized theory.
3.1 Parameterizing the Elementary Interation
The basis for all the alulations whih follow is the funtion GNN1IP , whih is the prole funtion
representing a single elementary nuleon-nuleon (NN) interation. For simpliity, we write simply
G ≡ GNN1IP . This funtion G is a sum of several terms, representing soft, semi-hard, valene, and
sreening ontributions. In ase of soft and semi-hard, one has G = (x+x−)−αpartD, where D
represents the Pomeron exhange and the fator in front of D the external legs, the nuleon
partiipants. For the other ontributions the funtional dependene on x+, x− is somewhat more
ompliated, but nevertheless it is onvenient to dene a funtion
D(x+, x−, s, b) =
G(x+, x−, s, b)
(x+x−)−αpart
. (3.1)
We obtain G and therefore D as the result of a quite involved numerial alulation, whih means
that these funtions are given in a disretized fashion. Sine this is not very onvenient and sine the
dependene of x+ , x−, and b are quite simple, we are going to parameterize our numerial results
and use this analytial expression for further alulations. This makes the following disussions
muh easier and more transparent.
We rst onsider the ase of zero impat parameter (b = 0). In g. 3.1, we plot the funtion
D together with the individual ontributions as funtions of x = x+x−, for b = 0 and for dierent
values of s. To t the funtion D, we make the following ansatz,
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Figure 3.1: The funtionD (solid line) as well as the dierent ontributions toD as a funtion of x = x+x−,
for b = 0 , at dierent energies E =
√
s. We show Dsoft (dotted), Dsemi (dashed), and Dvalence (dashed-
dotted).
D(x+, x−, s, b = 0) =
N∑
i=1
{
αDi + α
∗
Di(x
+x−)β
∗
Di
}(
x+x−s
)βDi︸ ︷︷ ︸
Di
, (3.2)
where the parameters may depend on s, and the parameters marked with a star are non-zero for
a given i only if the orresponding αDi is zero. This parameterization works very well, as shown
in g. 3.2, where we ompare the original D funtion with the t aording to eq. (3.2).
Let us now onsider the b-dependene for xed x+ and x−. Sine we observe almost a Gaussian
shape with a weak (logarithmi) dependene of the width on x = x+x−, we ould make the
following ansatz:
D(x+, x−, s, b) =
N∑
i=1
{
αDi + α
∗
Di(x
+x−)β
∗
Di
}
(x+x−s)βDi exp
( −b2
δDi + ǫDi ln(x
+x−s)
)
. (3.3)
However, we an still simplify the parameterization. We have
exp
( −b2
δ + ǫ lnx
)
≈ exp
(−b2
δ
(
1− ǫ
δ
ln(x+x−s)
))
(3.4)
= exp
(−b2
δ
)
(x+x−s)γb
2
(3.5)
So we make nally the ansatz
D(x+, x−, s, b) =
N∑
i=1
{
αDi + α
∗
Di(x
+x−)β
∗
Di
}(
x+x−s
)βDi+γDi b2 e− b2δDi , (3.6)
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Figure 3.2: The exat (full) and the parameterized (dashed) funtion D as a funtion of x = x+x−, for
b = 0, at dierent energies E =
√
s.
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Figure 3.3: The b-dependene of b·D(x+, x−, s, b) for a xed value of x = x+x−, with x+ = x−, at dierent
energies E =
√
s. Exat results are represented as solid lines, the parameterized ones by dashed lines.
whih provides a very good analytial representation of the numerially obtained funtion D, as
shown in g. 3.3.
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3.2 Calulating Φ for proton-proton ollisions
We rst onsider proton-proton ollisions. To be more preise, we are going to derive an expression
for Φpp whih an be evaluated easily numerially and whih will serve as the basis to investigate
the properties of Φpp. We have
Φpp
(
x+, x−, s, b
)
=
∞∑
l=0
∫
dx+1 dx
−
1 . . . dx
+
l dx
−
l
{
1
l!
l∏
λ=1
−G(x+λ , x−λ , s, b)
}
× Fremn
(
x+ −
∑
x+λ
)
Fremn
(
x− −
∑
x−λ
)
. (3.7)
with
Fremn(x) = x
αremn Θ(x)Θ(1− x), (3.8)
where Θ(x) is the Heavyside funtion, and
G(x+λ , x
−
λ , s, b) = (x
+
λ x
−
λ )
−αpart D(x+λ , x
−
λ , s, b). (3.9)
Using eq. (3.6), we have
G(x+λ , x
−
λ , s, b) =
N∑
i=1
αi(x
+
λ x
−
λ )
βi︸ ︷︷ ︸
Gi,λ
(3.10)
with
αi =
(
αDi + α
∗
Di
)
s(βDi+γDi b
2) e
− b2
δDi , (3.11)
βi = βDi + β
∗
Di + γDib
2 − αpart , (3.12)
with α∗Di 6= 0 and β∗Di 6= 0 only if αDi = 0. Using eq. (3.10), we obtain from eq. (3.7) the following
expression
Φpp(x
+, x−s, b) =
∞∑
r1=0
. . .
∞∑
rN=0
1
r1!
. . .
1
rN !
∫ r1+...+rN∏
λ=1
dx+λ dx
−
λ
×
r1∏
ρ1=1
−G1,ρ1 . . .
r1+...+rN∏
ρN=r1+...+rN−1+1
−GN,ρN
× Fremn(x+ −
∑
λ
x+λ )Fremn(x
− −
∑
λ
x−λ ). (3.13)
Using the fat that the funtions Gi,λ are separable,
Gi,λ = αi (x
+
λ )
βi (x−λ )
βi , (3.14)
one nds nally (see appendix D.1)
Φpp(x
+, x−, s, b) = xαremn
∞∑
r1=0
. . .
∞∑
rN=0
{
Γ(1 + αremn)
Γ(1 + αremn + r1β˜1 + ...+ rN β˜N )
}2
× (−α1x
β˜1Γ2(β˜1))
r
r1!
. . .
(−αNxβ˜NΓ2(β˜N ))t
rN !
(3.15)
with x = x+x−and β˜i = βi + 1. Sine the sums onverge very fast, this expression an be easily
evaluated numerially.
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3.3 Unitarity Problems
In this setion, we are going to present numerial results for Φpp, based on equation (3.15). We
will observe an unphysial behavior in ertain regions of phase spae, whih amounts to a violation
of unitarity. Trying to understand its physial origin, we nd that AGK anelations, whih apply
in our model, automatially lead to unitarity violations. This means on the other hand that a fully
onsistent approah requires expliit violation of AGK anelations, whih should our in ase of
onsidering ontributions of enhaned Pomeron diagrams.
In whih way is Φpp related to unitarity? We have shown in the preeding hapter that the
inelasti non-dirative ross setion σinel(s) may be written as
σinel(s) =
∫
d2b γpp(s, b), (3.16)
with the prole funtion γpp(s, b) representing all diagrams with at least one ut Pomeron. We de-
ned as well the orresponding quantity γ¯pp(s, b) representing all diagrams with zero ut Pomerons.
We demonstrated that the sum of these two quantities is one (2.64),
γpp(s, b) + γ¯pp(s, b) = 1, (3.17)
whih represents a unitarity relation. The funtion Φpp enters nally, sine we have the relation
γ¯pp(s, b) = Φpp(1, 1, s, b). (3.18)
Based on these formulas, we interpret γ¯pp(s, b) = Φpp(1, 1, s, b) as the probability of having no
interation, whereas γpp(s, b) = 1−Φpp(1, 1, s, b) represents the probability to have an interation,
at given impat parameter and energy. Suh an interpretation of ourse only makes sense as long
as any of the γ's is positive, otherwise unitarity is said to be violated, even if the equation (3.17)
still holds.
In g. 3.4, we plot Φpp as a funtion of x = x
+x− for
√
s = 200 GeV for two dierent values of
b. The urve for b = 1.5 fm (solid urve) is lose to one with a minimum of about 0.8 at x = 1.
The x-dependene for b = 0 fm (dashed urve) is muh more dramati: the urve deviates from 1
already at relatively small values of x and drops nally to negative values at x = 1. The values for
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Figure 3.4: The expression Φpp(x
+, x−, s, b) / xαremn as a funtion of x = x+x−for b = 0 (dashed) and for
b = 1.5 fm (solid urve).
x = 1 are of partiular interest, sine 1−Φpp(1, 1, s, b) = γpp(s, b) represents the prole funtion in
the sense that the integration over b provides the inelasti non-dirative ross setion. Therefore,
in g. 3.5, we plot the b-dependene of 1−Φpp(1, 1, s, b), whih inreases beyond 1 for small values
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Figure 3.5: The prole funtion 1 − Φpp(1, 1, s, b) as a funtion of impat parameter b. This funtion should
represent the probability to have an interation at a given impat parameter.
of b, sine Φpp is negative in this region, as disussed above for the ase of b = 0 fm. On the other
hand, an upper limit of 1 is really neessary in order to assure unitarity. So the fat that Φpp grows
to values bigger than one is a manifestation of unitarity violation.
In the following, we try to understand the physial reason for this unitarity problem. We are
going to show, that it is intimately related to the fat that in our approah AGK anelations are
fullled, as shown earlier, whih means that any approah where AGK anelations apply will have
exatly the same problem.
We are going to demonstrate in the following that AGK anelations imply automatially
unitarity violation. The average light one momentum taken by a Pomeron may be alulated
from the Pomeron inlusive spetrum dnPom/dx
+dx− as
< x+ >=
∫
dx+x+
{
1
σinel(s)
∫
d2b
∫
dx−
dnPom
dx+dx−
(x+, x−, s, b)
}
. (3.19)
If AGK anelations apply, we have
dnPom/dx
+dx− = dn(1)Pom/dx
+dx− = G(x+, x−, s, b)Fremn(x+)Fremn(x−), (3.20)
and therefore
dnPom
dx+dx−
(x+, x−, s, b) = µ(s) (x+x−s)∆(s) e−
b2
λ(s) f(x+)f(x−), (3.21)
where ∆(s) is bigger than zero and inreases with energy and µ(s) and λ(s) depend weakly (loga-
rithmially) on s, whereas f is an energy independent funtion. We obtain
< x+ >=
γ(s) s∆(s)
σinel(s)
, (3.22)
where γ(s) depends only logarithmially on s. Sine < x+ > must be smaller or equal to one, we
nd
σinel(s) ≥ γ(s) s∆(s), (3.23)
whih violates the Froissard bound and therefore unitarity. This problem is related to the old
problem of unitarity violation in ase of single Pomeron exhange. The solution appeared to be
the observation that one needs to onsider multiple sattering suh that virtual multiple emissions
provide suient sreening to avoid the unreasonably fast inrease of the ross setion. If AGK
anelations apply (as in our model), the problem omes bak by onsidering inlusive spetra,
sine these are determined by single sattering.
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Thus, we have shown that a onsistent appliation of the eikonal Pomeron sheme both to in-
teration ross setions and to partile prodution alulations unavoidably leads to the violation of
the unitarity. This problem is not observed in many models urrently used, sine there simply no
onsistent treatment is provided, and the problem is therefore hidden. The solution of the unitar-
ity problem requires to employ the full Pomeron sheme, whih inludes also so-alled enhaned
Pomeron diagrams, to be disussed later. The simplest diagram of that kind - so-alled Y-diagram,
for example, ontributes a negative fator to all inlusive partile distributions in the partile ra-
pidity region y0 < y < Y , where Y is the total rapidity range for the interation and y0 orresponds
to the rapidity position of the Pomeron self-interation vertex. Thus, one speaks about breaking
of the AGK-anelations in the sense that one gets orretions to all inlusive quantities alulated
from just one Pomeron exhange graph [19℄. In partiular, presenting the inlusive Pomeron dis-
tribution dσPom(x
+, x−)/dx+dx− by the formula (2.75) implies that the funtions f(x±) aquire
a dependene on the energy of the interation s. It is this dependene whih is expeted to slow
down the energy inrease of the Pomeron number and thus to ure the unitarity problem.
So we think it is mandatory to proeed in the following way: rst one needs to provide a
onsistent treatment of ross setions and partile prodution, whih will ertainly lead to unitarity
problems, and seond one has to rene the theory to solve the unitarity problem in a onsistent
way, via sreening orretions. The rst part of this program is provided in this paper, the seond
one will be treated in some approximate fashion later, but a rigorous, self-onsistent treatment of
this seond has still to be done.
3.4 A Phenomenologial Solution: Unitarization of Φ
As we have seen in the preeding setions, unitarity violation manifests itself by the fat that the
virtual emission funtion Φpp appears to be negative at high energies and small impat parameter
for large values of x+ and x−, partiularly for x+ = x− = 1. What is the mathematial origin of
these negative values? In eq. (3.15), the sums over ri ontains terms of the form (...)
ri/ri! and an
additional fator of the form {
Γ(1 + αremn)
Γ(1 + αremn + r1β˜1 + ...+ rN β˜N )
}
. (3.24)
It is this fator whih auses the problem, as it strongly suppresses ontributions of terms with
large ri, whih are important when the interation energy s inreases . Physially it is onneted
to the redued phase spae in ase of too many virtual Pomerons emitted. By dropping this fator
one would obtain a simple exponential funtion whih is denitely positive.
Our strategy is to modify the sheme suh that Φpp stays essentially unhanged for values of s,
b, x+, and x−, where Φpp is positive and that Φpp is orreted to assure positive values in regions
where it is negative. We all this proedure unitarization, whih should not be onsidered as an
approximation, sine one is really hanging the physial ontent of the theory. This is ertainly
only a phenomenologial solution of the problem, the orret proedure should amount to taking
into aount the mentioned sreening orretions due to enhaned Pomeron diagrams, whih should
provide a natural unitarization. Nevertheless we onsider our approah as a neessary rst step
towards a onsistent formulation of multiple sattering theory in nulear (inluding hadron-hadron)
ollisions at very high energies.
Let us explain our unitarization in the following. We dene
g(z) =
Γ(1 + αremn)
Γ(1 + αremn + z)
(3.25)
suh that
g(r1β˜1 + ...+ rN β˜N ) (3.26)
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is the fator ausing unitarity problems. This expression should be of the form
(...)r1 ...(...)rN ,
whih would make ΦAB a well behaved exponential funtion. In order to ahieve this, the funtion
g should be an exponential. So we replae g(z) by ge(z), where the latter funtion is dened as
ge(z) = e
−ǫez, (3.27)
where the parameter ǫe should be hosen suh that g(z) is well approximated for values of z between
(say) 0 and 0.5 (see g. 3.6). The index e refers to exponentiation. So, we replae the fator
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Figure 3.6: Funtion g(z) (full line) and unitarized funtion gu(z) (dashed).
g(r1β˜1 + ...+ rN β˜N ) by
ge(r1β˜1 + ...+ rN β˜N ) = e
−ǫe(r1β˜1+...+rN β˜N )
(3.28)
=
(
e−ǫeβ˜1
)r1
...
(
e−ǫeβ˜N
)rN
, (3.29)
and obtain orrespondingly instead of Φpp
Φe pp(x
+, x−, s, b) = xαremn
∞∑
r1=0
. . .
∞∑
rN=0
(
e−2ǫeβ˜1
)r1
...
(
e−2ǫeβ˜N
)rN
× (−α1x
β˜1Γ2(β˜1))
r1
r1!
...
(−αNxβ˜NΓ2(β˜N ))tN
rN !
. (3.30)
Now the sums an be performed and we get
Φe pp(x
+, x−, s, b) = xαremn
N∏
i=1
exp
{
−αixβ˜iΓ2(β˜i)e−2ǫeβ˜i
}
(3.31)
whih may be written as
Φe pp(x
+, x−, s, b) = (x+x−)αremn exp
{
−G˜(x+x−, s, b)
}
(3.32)
with
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G˜(x, s, b) =
N∑
i=1
α˜ix
β˜i
(3.33)
with
α˜i = αiΓ
2(β˜i)e
−2ǫeβ˜i
(3.34)
β˜i = βi + 1, (3.35)
where αi and βi are given as
αi =
(
αDi + α
∗
Di
)
s(βDi+γDib
2) e
− b2
δDi , (3.36)
βi = βDi + β
∗
Di + γDib
2 − αpart , (3.37)
with α∗Di 6= 0 and β∗Di 6= 0 only if αDi 6= 0.
We are not yet done. We modied Φpp suh that the new funtion Φe pp is surely positive. But
what happened to our unitarity equation? If we replae Φpp by Φe pp , we obtain
γ¯pp + γpp =
∞∑
m=0
∫
dX+dX−Ω(s,b)e pp (m,X
+, X−), (3.38)
with
Ω(s,b)e pp (m,X
+, X−) =
{
1
m!
m∏
µ=1
G(s, x+µ , x
−
µ , b)
}
Φe pp
(
x+, x−, s, b
)
, (3.39)
where x+ and x− refer to the remnant light one momenta. Sine Φe pp is always bigger than Φpp
for small values of b, the sum γpp + γ¯pp is bigger than one, so the unitarity equation does not hold
any more. This is quite natural, sine we modied the virtual emissions without aring about the
real ones. In order to aount for this, we dene
Z(s, b) =
∞∑
m=0
∫
dX+dX−
{
1
m!
m∏
µ=1
G(s, x+µ , x
−
µ , b)
}
Φe pp
(
x+, x−, s, b
)
, (3.40)
whih is equal to one in the exat ase, but whih is dierent from one if we use Φe pp instead
of Φpp. In order to reover the unitarity equation, we have to renormalize Φe pp , and we dene
therefore the unitarized virtual emission funtion Φu pp via
Φu pp(x
+, x−, s, b) =
Φe pp(x
+, x−, s, b)
Z(s, b)
. (3.41)
Now, the unitarity equation holds,
γ¯pp + γpp =
∞∑
m=0
∫
dX+dX−Ω(s,b)u pp (m,X
+, X−) = 1 , (3.42)
with
Ω(s,b)u pp (m,X
+, X−) =
{
1
m!
m∏
µ=1
G(s, x+µ , x
−
µ , b)
}
Φu pp
(
x+, x−, s, b
)
(3.43)
being stritly positive, whih allows nally the probability interpretation.
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3.5 Properties of the Unitarized Theory
We are now going to investigate the onsequenes of our unitarization, in other words, how the
results are aeted by this modiation. In g. 3.7 we ompare the exat and the exponentiated
version of the virtual emission funtion (Φpp and Φe pp) for a large value of the impat parameter
(b = 1.5 fm). The exponentiated result (dashed) is somewhat below the exat one (solid urve), but
the dierene is quite small. The situation is somewhat dierent in ase of zero impat parameter
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Figure 3.7: Behavior of Φpp(x
+, x−, s, b)/(x+x−)αremn as a funtion of x = x+x−, for the exat funtion
(solid) and the exponentiated one (dashed urve) for impat parameter b = 1.5 fm.
b. For small values of x the two urves oinide more or less, however for x = 1 the exponentiated
result (dashed) is well above the exat one (solid urve). In partiular, and this is most important,
the dashed urve rests positive and in this sense orrets for the unphysial behavior (negative
values) for the exat urve. The behavior for x = 1 for dierent values of b is summarized in
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Figure 3.8: Behavior of Φpp(x
+, x−, s, b)/(x+x−)αremn as a funtion of x = x+x−, for the exat funtion
(solid) and the exponentiated one (dashed urve) for impat parameter b = 0 fm.
g. 3.9, where we plot 1−Φpp(1, 1, s, b) as a funtion of b. We learly observe that for large b exat
(solid) and exponentiated (dashed urve) result agree approximately, whereas for small values of
b they dier substantially, with the exponentiated version always staying below 1, as it should be.
So the eet of our exponentiation is essentially to push the funtion below 1.
Next we alulate expliitly the normalization funtion Z(s, b). We have
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Figure 3.9: The funtion 1− Φpp(1, 1, s, b) as a funtion of impat parameter b. We show the exat result (solid)
as well as the exponentiated one (dashed urve).
Z(s, b) =
∞∑
m=0
∫ m∏
µ=1
dx+µ dx
−
µ
1
m!
m∏
µ=1
G(x+µ , x
−
µ , s, b)
×Φe pp
(
1−
m∑
ν=1
x+ν , 1−
m∑
ν=1
x−ν
)
, (3.44)
whih may be written as
Z(s, b) = Φe pp(1, 1, s, b) +
∫
dz+dz−H(z+, z−)Φe pp(z
+, z−, s, b), (3.45)
with
H(z+, z−) =
∞∑
m=1
∫ m∏
µ=1
dx+µ dx
−
µ
1
m!
m∏
µ=1
G(x+µ , x
−
µ , s, b)
× δ
(
1− z+ −
m∑
µ=1
x+µ
)
δ
(
1− z− −
m∑
µ=1
x−µ
)
. (3.46)
Using the analytial form of G, we obtain
H(z+, z−) =
∞∑
r1=0
...
∞∑
rN=0︸ ︷︷ ︸
r1+...+rK 6=0
[(1− z+)(1− z−)]r1β˜1+...+rN β˜N−1
Γ(r1β˜1 + ...+ rN β˜N )2
× (α1Γ(β˜1)
2)r1
r1!
...
(αNΓ(β˜N )
2)rN
rN !
(3.47)
(see appendix D.2). This an be alulated, and after numerially doing the integration over z+, z−,
we obtain the normalization funtion Z(s, b), as shown in g. 3.10. We observe, as expeted, a
value lose to unity at large values of b, whereas for small impat parameter Z(s, b) is bigger than
one, sine only at small values of b the virtual emission funtion Φpp has been hanged substantially
towards bigger values.
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Figure 3.10: The normalization funtion Z(s, b) as a funtion of the impat parameter b.
Knowing Φe pp and Z, we are ready to alulate the unitarized emission funtions Φu pp whih
nally replaes Φpp in all formulas for ross setion alulations. The results are shown in g. 3.11,
where we plot 1-Φu pp together with 1 − Φe pp and 1 − Φpp for both x+ and x− being one. We
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Figure 3.11: The funtion 1 − Φpp(1, 1, s, b) as a funtion of the impat parameter b. We show the exat result
1−Φpp (solid line) as well as the unitarized one 1− Φu pp (dashed) and the exponentiated one 1− Φe pp (dotted).
observe that ompared to 1−Φe pp the funtion 1−Φu pp is somewhat inreased at small values of
b due to the fat that here Z(s, b) is bigger than one, whereas for large impat parameters there is
no dierene.
Sine the unitarity equation holds, we may integrate 1−Φu pp(1, 1, s, b) over impat parameter,
to obtain the inelasti non-dirative ross setion,
σinel(s) =
∫
d2b
{
1− Φu pp(1, 1, s, b)
}
, (3.48)
the result being shown in g. 3.12. Here the exat and the unitarized result (using Φpp and Φu pp
respetively) are quite lose due to the fat that one has a two-dimensional b-integration, and
therefore the small values of b, where we observe the largest dierenes, do not ontribute muh
to the integral.
We now turn to inlusive spetra. We onsider the inlusive x-spetrum of Pomerons, dnPom/dx,
where x = x+x− is the squared mass of the Pomeron divided by s. In the exat theory, we may
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Figure 3.12: The inelasti non-dirative ross setion as a funtion of the energy, using the exat (solid) and the
unitarized (dashed) Φ-funtion.
take advantage of the AGK anelations, and obtain
dnPom
dx
(x, s, b) =
∫ − ln√x
+ ln
√
x
dy
dn
(1)
Pom
dx+dx−
(x+, x−, s, b)
∣∣∣∣∣
x+=
√
xey ,x−=
√
xe−y
, (3.49)
where dn
(1)
Pom/dx
+dx− is the orresponding inlusive distribution for one single elementary inter-
ation, whih is given in eq. (2.75). The y-integration an be easily performed numerially, and we
obtain the results shown in g. 3.13 as solid urves, the upper one for b = 0 fm and the lower one
for b = 1.5 fm. The alulation of the unitarized result is more involved, sine now we annot use
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Figure 3.13: Example of an inlusive spetrum: x-distribution of Pomerons. The variable x is dened as x =
x+x−and is therefore the squared mass of the Pomeron divided by s. We show the exat (solid) and the unitarized
results (dashed) for b = 0 fm (upper urves) and b = 1.5 fm (lower urves). In fat, for b = 1.5 fm the two urves
oinide.
the AGK anelations any more. We have
dnPom
dx+dx−
(x+, x−, s, b) =
∞∑
m=1
∫ m∏
µ=1
dx+µ dx
−
µ
× 1
m!
m∏
µ=1
{
G(x+µ , x
−
µ , s, b)
}
Φu pp(1 −
m∑
µ=1
x+µ , 1−
m∑
µ=1
x−µ , s, b)
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×
m∑
µ′=1
δ(x+ − x+µ′)δ(x− − x−µ′) , (3.50)
where we used the unitarized version of Φpp. We nd
dnPom
dx+dx−
(x+, x−, s, b) = G(x+, x−, s, b)
×
[
Φu pp(1 − x+, 1− x−, s, b) (3.51)
+
∫
dz+dz−H(z+ + x+, z− + x−)Φu pp(z
+, z−, s, b)
]
,
where H is dened in eq. (3.46), with the nal result given in eq. (3.47). The integration over
z+, z− an now be done numerially. Expressing x+ and x− via x and y and integrating over y, we
nally obtain dnPom/dx, as shown in g. 3.13 (dashed urves). In g. 3.14 we show the b-averaged
10
-1
1
10
10 2
10 3
10 -4 10 -3 10 -2 10 -1 1
 x
 
dσ
Po
m
/d
x(x
)
Figure 3.14: The x-distribution of Pomerons, averaged over impat parameter. We show the exat (solid) and the
unitarized results (dashed).
inlusive spetra, whih are given as
1
σinel
∫
d2b
dnPom
dx
(x, s, b) (3.52)
for both, the exat and the unitarized version.
3.6 Comparison with the Conventional Approah
At this point it is noteworthy to ompare our approah with the onventional one [20, 21℄. There
one neglets the energy onservation eets in the ross setion alulation and sums up virtual
Pomeron emissions, eah one taken with the initial energy of the interation s. We an reover the
onventional approah by simply onsidering independent (planar) emission of all the Pomerons,
negleting energy-momentum sharing between them. In the ross setion formulas (2.65-3.58) this
amounts to perform formally the onvolutions of the Pomeron eikonals G(x+, x−, s, b) with the
remnant funtions Fremn(x
±) for all the Pomerons. In ase of proton-proton sattering, we then
get
Φconv pp(x
+, x−, s, b) = e−χ(s,b), (3.53)
with
χ(s, b) =
∫
dx+dx−G(x+, x−, s, b)Fremn(x+)Fremn(x−), (3.54)
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where Φ does not depend on x+ and x− anymore. We obtain a unitarity relation of the form
∞∑
m=0
Ωm = 1, (3.55)
with
Ωm =
(χ(s, b))m
m!
e−χ(s,b) (3.56)
representing the probability of having m ut Pomerons (Pomeron multipliity distribution). So
in the traditional ase, the Pomeron multipliity distribution is a Poissonian with the mean value
given by χ(s, b). As already mentioned above, that approah is not self-onsistent as the AGK rules
are assumed to hold when alulating interation ross setions but are violated at the partile
prodution generation. This inonsisteny was already mentioned in [4℄, where the neessity to
develop the orret, Feynman diagram-based sheme, was rst argued.
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Figure 3.15: Distribution of the number m of Pomerons for dierent impat parameters. We show the results of a
full simulation (solid lines) as well as the Poissonian distribution obtained by ignoring energy onservation (dashed
line).
The exat proedure is based on the summation over virtual emissions with the energy-momentum
onservation taken into aount. This results in the formula (3.7) or, using our parametrization,
(3.15) for Φpp(x
+, x−, s, b), expliitly dependent on the momentum, left after ut Pomerons emis-
sion, and in the formula
σinel(s) =
∫
d2b {1− Φpp(1, 1, s, b)} (3.57)
for the inelasti ross setion; AGK rules are exatly fullled both for the ross setions and for
the partile prodution. But with the interation energy inreasing the approah starts to violate
the unitarity and is no longer self-onsistent.
The unitarized proedure, whih amounts to replaing Φpp by Φu pp , allows to avoid the
unitarity problems. The expressions for ross setions and for inlusive spetra are onsistent with
eah other and with the partile generation proedure. The latter one assures the AGK anelations
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validity in the region, where unitarity problems do not appear yet (not too high energies or large
impat parameters).
In order to see the eet of energy onservation we alulate χ as given in eq. (3.54) with the
same parameters as we use in our approah for dierent values of b, and we show the orresponding
Pomeron multipliity distribution in g. 3.15 as dashed lines. We ompare this traditional approah
with our full simulation, where energy onservation is treated properly (solid lines in the gures).
One observes a huge dierene between the two approahes. So energy onservation makes the
Pomeron multipliity distributions muh narrower, in other words, the mean number of Pomerons
is substantially redued. The reason is that due to energy onservation the phase spae of light
one momenta of the Pomeron ends is onsiderably redued.
Of ourse, in the traditional approah one hooses dierent parameters in order to obtain
reasonable values for the Pomeron numbers in order to reprodue the experimental ross setions.
But this only simulates in some sense the phase spae redution due to energy onservation in
an unontrolled way.
We onlude that onsidering energy onservation properly in the ross setion formulas has
an enormous eet and annot be negleted.
3.7 Unitarization for Nuleus-Nuleus Sattering
In this setion, we disuss the unitarization sheme for nuleus-nuleus sattering. The sum over
virtual emissions is dened as
ΦAB
(
X+, X−, s, b
)
=
∑
l1
. . .
∑
lAB
∫ AB∏
k=1
{
lk∏
λ=1
dx˜+k,λdx˜
−
k,λ
}
AB∏
k=1
{
1
lk!
lk∏
λ=1
−G(x˜+k,λ, x˜−k,λ, s, b)
}
×
A∏
i=1
Fremn
x+i − ∑
π(k)=i
x˜+k,λ
 B∏
j=1
Fremn
x−j − ∑
τ(k)=j
x˜−k,λ
 . (3.58)
where X+ =
{
x+1 . . . x
+
A
}
, X− =
{
x−1 . . . x
−
B
}
and π(k) and τ(k) represent the projetile or
target nuleon linked to pair k. This alulation is very lose to the alulation for proton-proton
sattering. Using the expression eq. (3.10) of G(x˜+k,λ, x˜
−
k,λ, s, b), the denition eq. (3.8) of Fremn(x),
one nally nds
ΦAB
(
X+, X−, s, b
)
=∑
r1,1...rN,1
· · ·
∑
r1,AB ...rN,AB
AB∏
k=1
(−α1)r1,k
r1,k!
. . .
(−αN )rN,k
rN,k!
(3.59)
A∏
i=1
(x+i )
αremn
∏
π(k)=i
(
Γ(β˜1)(x
+
i )
β˜1
)r1,k
. . .
(
Γ(β˜N )(x
+
i )
β˜N
)rN,k
g
 ∑
π(k)=i
r1,kβ˜1 + . . .+ rN,kβ˜N

B∏
j=1
(x−j )
αremn
∏
τ(k)=j
(
Γ(β˜1)(x
−
j )
β˜1
)r1,k
. . .
(
Γ(β˜N )(x
−
j )
β˜N
)rN,k
g
 ∑
τ(k)=j
r1,kβ˜1 + . . .+ rN,kβ˜N

(see appendix D.3), where the funtion g(z) is dened in eq. (3.25), and the parameters αi and β˜i
are the same ones as for proton-proton sattering.
In ase of nuleus-nuleus sattering, we use the same unitarization presription as already
applied to proton-proton sattering. The rst step amounts to replae the funtion g(z), whih
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appears in the nal expression of ΦAB, by the exponential form ge(z). This allows to perform the
sums in eq. (D.66), and we obtain
ΦeAB
(
X+, X−, s, b
)
=
A∏
i=1
(x+i )
αremn
B∏
j=1
(x−j )
αremn
AB∏
k=1
e
−2G˜
(
x+
pi(k)
.x−
τ(k)
)
(3.60)
(see appendix D.3), where G˜(x) is dened in eq. (3.33). Having modied Φ, the unitarity equation∑
m
∫
dX+dX−Ω(s,b)eAB (m,X
+, X−) = 1 (3.61)
does not hold any more, sine Ωe depends on Φe, and only the exat Φ assures a orret unitarity
relation. So as in proton-proton sattering, we need a seond step, whih amounts to renormalizing
Φe. So we introdue a normalization fator
ZAB(s, b) =
∑
m
∫
dX+dX−Ω(s,b)eAB (m,X
+, X−), (3.62)
with ΩeAB dened in the same way as Ω but with ΦAB replaed by ΦeAB , whih allows to dene
the unitarized ΦuAB funtion as
ΦuAB (x
+, x−, s, b) =
ΦeAB (x
+, x−, s, b)
ZAB(s, b)
. (3.63)
In this way we reover the unitarity relation,∑
m
∫
dX+dX−Ω(s,b)uAB (m,X
+, X−) = 1, (3.64)
with
Ω(s,b)uAB (m,X
+, X−) =
AB∏
k=1
{
1
mk!
mk∏
µ=1
G(s, x+k,µ, x
−
k,µ, b)
}
ΦuAB
(
x+, x−, s, b
)
, (3.65)
and Ω
(s,b)
u (m,X+, X+)may be interpreted as probability distribution for ongurations (m,X+, X+).
3.8 Prole Funtions in Nuleus-Nuleus Sattering
In ase of nuleus-nuleus sattering, the onventional approah [20, 21℄ represents a Glauber-
type model, where nuleus-nuleus sattering may be onsidered as a sequene of nuleon-nuleon
satterings with onstant ross setions; the nuleons move through the other nuleus along straight
line trajetories. In order to test this piture, we onsider all pairs of nuleons, whih due to their
distributions inside the nulei provide a more or less at b-distribution. We then simply ount,
for a given b-bin, the number of interating pairs and then divide by the number of pairs in
the orresponding bin. The resulting distribution, whih we all nuleon-nuleon prole funtion
for nuleus-nuleus sattering, represents the probability density of an interation of a pair of
nuleons at given impat parameter. This may be ompared with the proton-proton prole funtion
1 − Φu pp(1, 1, s, b). In the Glauber model, these two distributions oinide. As demonstrated
in g.3.16 for S+S sattering this is absolutely not the ase. The prole funtion in ase of
S+S sattering is onsiderably redued as ompared to the proton-proton one. Sine integrating
the proton-proton prole funtion represents the inelasti ross setion, one may also dene the
orresponding integral in nuleus-nuleus sattering as individual nuleon-nuleon ross setion.
So we onlude that this ross setion is smaller than the proton-proton ross setion. This is due
to the energy onservation, whih redues the number of Pomerons onneted to any nuleon from
the projetile and the target and nally aets also the individual ross setion.
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Figure 3.16: The numerially determined prole funtion in S+S sattering (points) ompared to the proton-proton
prole funtion (solid urve).
3.9 Inlusive Cross Setions in Nuleus-Nuleus Sattering
We have shown in the preeding hapter that in the bare theory AGK anelations apply perfetly,
whih means that nuleus-nuleus inlusive ross setions are just AB times the proton-proton ones,
dσABincl
dq
(q, s, b) = AB
dσppincl
dq
(q, s, b). (3.66)
In the unitarized theory, the results is somewhat dierent. Unfortunately, we annot alulate
ross setions analytially any more, so we perform a numerial alulation using the Markov hain
tehniques explained later. In order to investigate the deviation from exat AGK anelations, we
alulate the inlusive nuleus-nuleus ross setion for Pomeron prodution (being the basi
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Figure 3.17: Inlusive ross setion of Pomeron prodution for S+S sattering, divided by AB = 322 (points),
ompared to the orresponding proton-proton ross setion (solid line).
inlusive ross setion), divided by AB,
1
AB
dσABPom
dx
(x, s, b), (3.67)
and ompare the result with the orresponding proton-proton ross setion, see gs. 3.17 and 3.18.
For large and for small values of x, we still observe AGK anelations (the two urves agree), but
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Figure 3.18: Inlusive ross setion of Pomeron prodution for p+ Au sattering, divided by AB = 197 (points),
ompared to the orresponding proton-proton ross setion (solid line).
for intermediate values of x, the AGK anelations are violated, the nuleus-nuleus ross setion
is smaller than AB times the nuleon-nuleon one. The eet is, however, relatively moderate. If
one writes the proton-nuleus ross setion as
dσpAPom
dx
(x, s, b) = Aα(x)
dσppPom
dx
, (3.68)
we obtain for α(x) values between 0.85 and 1. So one may summarize that AGK anelations are
violated, but not too strongly.
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Chapter 4
Markov Chain Tehniques
In this hapter we disuss how to deal with the multidimensional probability distribution ΩAB(K)
with K = {m,X+, X−}, where the vetor m haraterizes the type of interation of eah pair of
nuleons (the number of elementary interations per pair), and the matries X+, X− ontain the
light one momenta of all Pomerons (energy sharing between the Pomerons).
4.1 Probability Distributions for Congurations
In this setion we essentially repeat the basi formulas of the preeding hapters whih allowed
us to derive probability distributions for interation ongurations in a onsistent way within an
eetive theory based on Feynman diagrams.
Our basi formula for the inelasti ross setion for a nuleus-nuleus ollision (whih inludes
also as a partiular ase proton-proton sattering) ould be written in the following form
σinel(s) =
∫
d2b0
∫
dTAB γAB(s, b0, b1 . . . bAB), (4.1)
where dTAB represents the integration over the transverse oordinates b
A
i and b
B
j of projetile and
target nuleons, b0 is the impat parameter between the two nulei, and bk = |~b +~bAπ(k) −~bBτ(k)| is
the transverse distane between the nuleons of kth pair. Using the ompat notation
b = {bk}, m = {mk}, X+ =
{
x+k,µ
}
, X− =
{
x−k,µ
}
, (4.2)
the funtion γAB is given as
γAB(s, b) =
∑
m
(1− δ0m)
∫
dX+dX−Ω(s,b)uAB (m,X
+, X−), (4.3)
whih represents all diagrams with at least one ut Pomeron. One may dene a orresponding
quantity γ¯AB, whih represents the onguration with exatly zero ut Pomerons. The latter one
an be obtained from (4.3) by exhanging 1− δ0m by δ0m, whih leads to
γ¯AB(s, b) = Ω
(s,b)
uAB (0, 0, 0). (4.4)
The expression for Ω is given as
Ω(s,b)uAB (m,X
+, X−) =
AB∏
k=1
{
1
mk!
mk∏
µ=1
G(x+k,µ, x
−
k,µ, s, bk)
}
ΦuAB
(
x+, x−, s, b
)
, (4.5)
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with
ΦuAB (x
+, x−, s, b) =
1
ZAB
AB∏
k=1
exp
(
−G˜(x+π(k)x−τ(k), s, bk)
)
(4.6)
×
A∏
i=1
(x+i )
αremn Θ(x+i )Θ(1− x+i )
B∏
j=1
(x−j )
αremn Θ(x−j )Θ(1− x−j ).
The arguments of ΦuAB are the momentum frations of projetile and target remnants,
x+i = 1−
∑
π(k)=i
x+k,µ , x
−
j = 1−
∑
τ(k)=j
x−k,µ , (4.7)
where π(k) and τ(k) point to the remnants linked to the kth interation.
In the following, we perform the analysis for given s and b = (b0, b1, ..., bAB), so we do not write
these variables expliitly. In addition, we always refer to the unitarized funtions, so we will also
suppress the subsript u. Furthermore, we suppress the index AB.
Cruial for our appliations is the probability onservation onstraint
γ + γ¯ = 1, (4.8)
whih may be written more expliitly as∑
m
∫
dX+dX−Ω(m,X+, X−) = 1. (4.9)
This allows us to interpret Ω(m,X+, X−) as the probability distribution for a onguration
(m,X+, X−). For any given onguration the funtion Ω an be easily alulated using the teh-
niques developed in the hapter 2. The diulty with the Monte Carlo generation of interation
ongurations arises from the fat that the onguration spae is huge and rather nontrivial in
the sense that it annot be written as a produt of single Pomeron ontributions. We are going to
explain in the next setions, how we deal with this problem.
4.2 The Interation Matrix
Sine Ω(m,X+, X−) is a high-dimensional and nontrivial probability distribution, the only way
to proeed amounts to employing dynamial Monte Carlo methods, well known in statistial and
solid state physis.
We rst need to hoose the appropriate framework for our analysis. So we translate our problem
into the language of spin systems [22℄: we number all nuleon pairs as 1, 2, ..., AB and for eah
nuleon pair k the possible elementary interations as 1,2, ..., mk· Let mmax be the maximum
number of elementary interations per nuleon pair one may imagine. We now onsider a two
dimensional lattie with AB lines and mmax olumns, see g. 4.1. Lattie sites are oupied (= 1)
or empty (= 0), representing an elementary interation (1) or the ase of no interation (0), for the
kth pair. In order to representmk elementary interations for the pair k, we need mk oupied ells
(1's) in the kth line. A line ontaining only empty ells (0's) represents a pair without interation.
Any possible interation may be represented by this interation matrix M with elements
mkµ ∈ {0, 1} . (4.10)
Suh an interation onguration is exatly equivalent to a spin onguration of the Ising model.
Unfortunately the situation is somewhat more ompliated in ase of nulear ollisions: we need
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Figure 4.1: The interation lattie.
to onsider the energy available for eah elementary interation, represented via the momentum
frations x+kµ and x
−
kµ. So we have a generalized matrix K,
K = (M,X+, X−), (4.11)
representing an interation onguration, with elements
Kkµ =
(
mkµ,x
+
kµ, x
−
kµ
)
. (4.12)
It is important to note that a number of matries M represents one and the same vetor m. In
fat, m is represented by all the matries M with
mmax∑
µ=1
mkµ = mk, (4.13)
for eah k. Sine all the orresponding ongurations (M,X+, X−) should have the same weight,
and sine there are
c =
AB∏
k=1
mmax!
mk!(mmax −mk)! (4.14)
ongurations (M,X+, X−) representing the same onguration (m,X+, X−), the weight for the
former is c−1 times the weight for the latter, so we obtain the following probability distribution
for K = (M,X+, X−):
Ω(K) =
AB∏
k=1
{
(mmax −mk)!
mmax!
mk∏
µ=1
G(s, x+k,µ, x
−
k,µ, b)
}
ΦuAB
(
x+, x−, s, b
)
, (4.15)
or, using the expression for ΦuAB ,
Ω(K) =
1
ZAB
AB∏
k=1
{
(mmax −mk)!
mmax!
mk∏
µ=1
{
G(s, x+k,µ, x
−
k,µ, bk)
}
exp
(
−G˜(x+π(k)x−τ(k), s, bk)
)}
×
A∏
i=1
(x+i )
αremn Θ(x+i )Θ(1− x+i )
B∏
j=1
(x−j )
αremn Θ(x−j )Θ(1− x−j ). (4.16)
The probability onservation now reads∑
K
Ω(K) =
∑
M
∫
dX+dX−Ω(M,X+, X−) = 1. (4.17)
In the following, we shall deal with the interation matrix K, and the probability distribution
Ω(K).
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4.3 The Markov Chain Method
In order to generate K aording to the given distribution Ω (K), dened earlier, we onstrut a
Markov hain
K(0),K(1),K(2), ...K(tmax) (4.18)
suh that the nal ongurations K(tmax) are distributed aording to the probability distribution
Ω (K), if possible for a tmax not too large!
Let us disuss how to obtain a new onguration K(t+1) = L from a given onguration
K(t) = K. We use Metropolis' Ansatz for the transition probability
p(K,L) = prob
(
K(t+1) = L
∣∣∣ K(t) = K) (4.19)
as a produt of a proposition matrix w(K,L) and an aeptane matrix u(K,L):
p(K,L) =
{
w(K,L)u(K,L) if L 6= K
w(K,K) +
∑
L 6=K w(K,L){1− u(K,L)} if L = K , (4.20)
where we use
u(K,L) = min
(
Ω(L)
Ω(K)
w(L,K)
w(K,L)
, 1
)
, (4.21)
in order to assure detailed balane. We are free to hoose w(K,L), but of ourse, for pratial
reasons, we want to minimize the autoorrelation time, whih requires a areful denition of w.
An eient proedure requires u(K,L) to be not too small (to avoid too many rejetions), so an
ideal hoie would be w (K,L) = Ω (L). This is of ourse not possible, but we hoose w(K,L) to
be a reasonable approximation to Ω(L) if K and L are reasonably lose, otherwise w should be
zero. So we dene
w(K,L) =
{
Ω0(L) if d(K,L) ≤ 1
0 otherwise
, (4.22)
where d(K,L) is the number of lattie sites being dierent in L ompared to K, and where Ω(0) is
dened by the same formulas as Ω with one exeption : ΦuAB is replaed by 1. So we get
Ω0(L) ∼
AB∏
k=1
{
(mmax −mk)!
mk∏
µ=1
G(x+k,µ, x
−
k,µ, s, bk)
}
. (4.23)
The above denition of w(K,L) may be realized by the following algorithm:
• hoose randomly a lattie site (k, µ),
• propose a new matrix element (mkµ, x+kµ, x−k,µ) aording to the probability distribution
ρ(mkµ, x
+
kµ, x
−
k,µ),
where we are going to derive the form of ρ in the following. From eq. (4.23), we know that ρ should
be of the form
ρ(m,x+, x−) ∼ m0!
{
G(x+, x−, s, b) if m = 1
1 if m = 0
, (4.24)
where m0 = mmax −m is the number of zeros in the row k. Let us dene m¯0 as the number of
zeros (empty ells) in the row k not ounting the urrent site (k, µ). Then the fator m0! is given
as m¯0! in ase of m 6= 0 and as m¯0!(m¯+ 1) in ase of m = 0, and we obtain
ρ(m,x+, x−) ∼ (m¯0 + 1)δm0 +G(x+, x−, s, b)δm1. (4.25)
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Properly normalized, we obtain
ρ(m,x+, x−) = p0 δm0 + (1− p0) G(x
+, x−, s, b)
χ
δm1, (4.26)
where the probability p0 of proposing no interation is given as
p0 =
m¯0 + 1
m¯0 + 1 + χ(s, b)
, (4.27)
with χ being obtained by integrating G over x+ and x−,
χ(s, b) =
∫ 1
0
dx+dx−G(x+, x−, s, b). (4.28)
Having proposed a new onguration L, whih amounts to generating the values mkµ, x
+
kµ, x
−
kµ for
a randomly hosen lattie site as desribed above, we aept this proposal with the probability
u(K,L) = min (z1z2, 1) , (4.29)
with
z1 =
Ω(L)
Ω(K)
, z2 =
w(L,K)
w(K,L)
. (4.30)
Sine K and L dier in at most one lattie site, say (k, µ), we do not need to evaluate the full
formula for the distribution Ω to alulate z1, we rather alulate
z1 =
Ωkµ(L)
Ωkµ(K)
, (4.31)
with
Ωkµ(K) = ρ(mkµ, x
+
kµ, x
−
kµ) exp
(
−
∑
l linked to k
G˜(x+π(l)x
−
τ(l), s, bl)
)
× (x+π(k))αremnΘ(x+π(k))Θ(1− x+π(k)) (x−τ(k))αremnΘ(x−τ(k))Θ(1− x−τ(k)), (4.32)
whih is tehnially quite easy. Our nal task is the alulation of the asymmetry z2. In many
appliations of the Markov hain method one uses symmetri proposal matries, in whih ase this
fator is simply one. This is not the ase here. We have
z2 =
Ω0(K)
Ω0(L)
=
Ωkµ0 (K)
Ωkµ0 (L)
, (4.33)
with
Ωkµ0 (K) = ρ(mkµ, x
+
kµ, x
−
kµ), (4.34)
whih is also easily alulated. So we aept the proposal L with the probability min(z1z2, 1),
in whih ase we have K(t+1) = L, otherwise we keep the old onguration K, whih means
K(t+1) = K.
4.4 Convergene
A ruial item is the question of how to determine the number of iterations, whih are suient to
reah the stationary region. In priniple one ould alulate the autoorrelation time, or better one
ould estimate it based on an atual iteration. One ould then multiply it with some reasonable
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number, between 10 and 20, in order to obtain the number of iterations. Sine this reasonable
number is not known anyway, we proeed dierently. We onsider a number of quantities like the
number of binary interations, the number of Pomerons, and other observables, and we monitor
their values during the iterations. Simply by inspeting the results for many events, one an quite
easily onvine oneself if the numbers of iterations are suiently large. As a nal hek one makes
sure that the distributions of some relevant observables do not hange by doubling the number of
iterations. In g. 4.2, we show the number of ollisions (left) and the number of Pomerons (right)
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Figure 4.2: Number of ollisions (left) and number of Pomerons (right) as a funtion of the iteration step t (in
perent relative to the maximum number of iterations) for three dierent S+S events.
as a funtion of the iteration step t for a S+S ollision, where the number of iterations tmax has
been determined aording to some empirial proedure desribed below. We observe that these
two quantities approah very quikly the stationary region. In order to determine the number
tmax of iterations for a given reation A+ B, we rst alulate the upper limit for the number of
possibly interating nuleon pairs as the number of pairs kmax with a transverse distane smaller
than some value bmax being dened as
1− e−χ(s,bmax) = 0.001 , (4.35)
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and we then dene
tmax = 100 · 2
3
kmax . (4.36)
Atually, in the real alulations, we never onsider sums of nuleon pairs from 1 to AB, but only
from 1 to kmax, beause for the other ones the hane to be involved in an interation is so small
that one an safely ignore it.
4.5 Some Tests for Proton-Proton Sattering
As a rst test, we hek whether the Monte Carlo proedure reprodues the theoretial prole
funtion γinel. So we make a large number of simulations of proton-proton ollisions at a given
energy
√
s, where the impat parameters are hosen randomly between zero and the earlier de-
ned maximum impat parameter bmax. We then ount simply the number ∆ninel(b) of inelasti
interations in a given impat parameter bin [b−∆b/2, b+∆b/2], and divide this by the number
∆ntot(b) of simulations in this impat parameter interval. Sine the total number ∆ntot(b) of
simulated ongurations for the given b−bin splits into the number ∆ninel(b) of interations and
the number ∆nnonint(b) of non-interations, with ∆ntot(b) =∆ninel(b) + ∆nnonint(b), the result
P (b) =
∆ninel(b)
∆ntot(b)
(4.37)
represents the probability to have an interation at a given impat parameter b, whih should
oinide with the prole funtion
γAB(s, b) = 1− ΦuAB (1, 1, s, b) (4.38)
for the orresponding energy. In g. 4.3, we ompare the two quantities for a proton-proton ollision
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Figure 4.3: The simulated probability P (b) (points) of an inelasti interation for a proton-proton ollision at√
s = 200 GeV ompared to the prole funtion γAB(s, b) (solid line).
at
√
s = 200 GeV and we nd an exellent agreement, as it should be.
Another elementary quantity is the inlusive momentum spetrum of Pomerons. Pomerons,
representing elementary interations, are haraterized by their light one momentum frations
x+ and x−, so one might study two dimensional distributions, or for example a distribution in
x = x+x−, where the seond variable y = 0.5 log(x+/x−) is integrated over. So again we simulate
many proton-proton events at a given energy
√
s and we ount the number of Pomerons ∆NPom
within a ertain interval [x−∆x/2, x+∆x/2] and we alulate
dnMCPom
dx
=
1
Nevents
∆NPom
∆x
, (4.39)
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representing the Monte Carlo Pomeron x-distribution, whih may be ompared with the analytial
result alulated earlier, as shown in g. 4.4. The analytial results of ourse refer to the unitarized
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Figure 4.4: Inlusive x-distribution of Pomerons. The variable x is dened as x = x+x−and is therefore the
squared mass of the Pomeron divided by s. We show unitarized analytial results (solid lines) for b = 0 fm (upper
urves) and b = 1.5 fm (lower urves) and the orresponding simulation results (points).
theory. Again we nd perfet agreement between Monte Carlo simulations and analytial urves,
as it should be. In g. 4.5, we ompare inlusive Pomeron ross setions (integrated over impat
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Figure 4.5: Inlusive ross setion of Pomerons versus x. The variable x is dened as x = x+x−and is therefore the
squared mass of the Pomeron divided by s. We show unitarized analytial results (solid line) and the orresponding
simulation results (points).
parameter). Here, the impat parameters are generated randomly between 1 and some bmax, one
ounts the number of Pomerons ∆NPom within a ertain interval of size ∆x, and one alulates
dσMCPom
dx
=
πr2max
Nevents
∆NPom
∆x
, (4.40)
whih is ompared with the analytial result
dσPom
dx
(x, s) =
∫
d2b
dnPom
dx
(x, s, b), (4.41)
whih again show an exellent agreement.
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These Pomeron distributions are of partiular interest, beause they are elementary distribu-
tions based on whih other inlusive spetra like a transverse momentum distribution of pions may
be obtained via onvolution.
The two examples of this setion provide on one hand a hek that the numerial proedures
work properly, on the other hand they demonstrate niely that our Monte Carlo proedure is a
very well dened numerial method to solve a partiular mathematial problem. In simple ases
where analytial results exist, they may be ompared with the Monte Carlo results, and they must
absolutely agree.
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Chapter 5
Enhaned Pomeron diagrams
The eikonal type diagrams shown at g. 5.1, onsidered in the previous hapters, orrespond
to pair-like satterings between hadron onstituents and form the basis for the desription of
hadroni interations at not too high energies. However, when the interation energy inreases,
Figure 5.1: Eikonal type diagrams.
the ontribution of so-alled enhaned Pomeron diagrams as, for example, the diagrams shown
in g. 5.2, beome more and more important. The latter ones take into aount interations of
(b)(a)
Figure 5.2: Enhaned diagrams.
Pomerons with eah other. The orresponding amplitudes inrease asymptotially muh faster
than the usual eikonal type ontributions onsidered so far. In this paper, we restrit ourselves to
the lowest order diagrams (Y -diagrams and inverted Y -diagrams).
In the following setions, we disuss the amplitudes orresponding to the lowest order enhaned
diagrams and the modiation of the hadroni prole funtion in the presene of these diagrams,
before we disuss their most important features.
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5.1 Calulating lowest order enhaned diagrams
To introdue enhaned type diagrams let us ome bak to the proess of double soft Pomeron
exhange, whih is a partiular ase of the diagram of g. 2.7. The orresponding ontribution
to the elasti sattering amplitude is given in eqs. (2.31), (C.11) with n = 2 and with T1IP being
replaed by Tsoft:
iT
(2)
h1h2
(s, t) =
1
2
∫
d4k1
(2π)4
d4k′1
(2π)4
d4k2
(2π)4
d4k′2
(2π)4
d4q1
(2π)4
Θ
(
s+1
)
Θ
(
s−1
)
Θ
(
s+2
)
Θ
(
s−2
)
Θ
(
s+q1
)
Θ
(
s−q1
)
× discs+1 ,s+2 ,s+q1 N
(2)
h1
(p, k1, k2, q1, q − q1)
×
2∏
l=1
[
iTsoft(sˆl, q
2
l )
]
discs−1 ,s
−
2 ,s
−
q1
N
(2)
h2
(p′, k′1, k
′
2,−q1,−q + q1) (5.1)
see g. 5.3.
k1
’k1
1k -q
11k +q
1
2
k
p
p’
p+q
p’-q
n
’
’
k  +q
k’2 2k -q 2
2
Figure 5.3: Double Pomeron exhange.
We are now interested in the ontribution with some of the invariants
s+1 = (p− k1)2 ≃ −p+k−1 , (5.2)
s+2 = (p− k1 − k2)2 ≃ −p+(k−1 + k−2 ), (5.3)
s+q1 = (p+ q1)
2 ≃ p+q−1 , (5.4)
being large, implying k−i , q
−
1 to be not too small. As shown in appendix C.3, in that ase the above
amplitude may be written as
iT 3IP−h1h2(s, t) =
∫ 1
0
dx+
x+
dx−
x−
Fh1remn
(
1− x+) Fh2remn(1− x−) iT h1h23IP− (x+, x−, s, t) (5.5)
with
iT h1h23IP− (x
+, x−, s, t) = 8π2x+x−s
r3IP
2
∫ x+
s0/x−
dx+12
x+12
[
1
2s+
ImT h1
(
x+, s+,−q2⊥
)]
×
∫
dz+
∫
d2q1⊥d
2q2⊥
∫ x−
0
dx−1 dx
−
2
2∏
l=1
[
1
8π2sˆl
iT h2
(
x−l , sˆl,−q2l⊥
)]
× δ(x− − x−1 − x−2 ) δ(2)(~q⊥ − ~q1⊥ − ~q2⊥) , (5.6)
with
T h
(
x, s,−q2⊥
)
= T hsoft
(
x, s,−q2⊥
)
= Tsoft
(
s,−q2⊥
)
Fhpart(x) exp
(−R2h q2⊥) (5.7)
and
sˆ1 = x
+
12z
+x−1 s, sˆ2 = x
+
12(1− z+)x−2 s, (5.8)
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where the following denitions have been used
x+ = k+/p+, (5.9)
x+12 = k
+
12/p
+, (5.10)
x+1 = k
+
1 /p
+, (5.11)
x+12 − x+1 = (k+12 − k+1 )/p+ = k+2 /p+, (5.12)
z+ = k+1 /k
+
12 = x
+
1 /x
+
12, (5.13)
s+ = (k − k12)2 ≃ −k+k−12 ≃ s0k+/k+12 = s0x+/x+12, (5.14)
see g. 5.4. The sign − in 3IP− refers to the Pomeron splitting towards the target hadron
+
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Figure 5.4: Kinematial variables for the triple Pomeron ontribution.
(reversed Y -diagram); the lower limit for the integral dx+12 is due to x
−
12 ≃ s0/x+12 < x−.
The triple-Pomeron ontribution (5.6) is by onstrution expressed via amplitudes T hsoft for
parton-parton sattering due to soft Pomeron exhange, eah one orresponding to non-perturbative
parton dynamis, haraterized by restrited parton virtualities Q2 < Q20. We an also take into
aount ontributions to the triple-Pomeron diagram from semi-hard proesses, when some part of
the parton asade mediating the sattering between partons of momenta kl and k
′
l at g. C.3 (k
and −k12) develops in the perturbative region Q2 > Q20. Then, aording to the general disussion
of hapter 2, the amplitudes T h obtain also ontributions from semi-hard sea-type parton-parton
sattering T hsea−sea and from valene quark sattering T
h
val−sea:
T h = T hsoft + T
h
sea−sea + T
h
val−sea, (5.15)
with
T hsoft/sea−sea
(
x, sˆ,−q2⊥
)
= Tsoft/sea−sea
(
sˆ,−q2⊥
)
Fhpart(x) exp
(−R2h q2⊥) (5.16)
and
T hval−sea
(
x, sˆ,−q2⊥
)
=
∫ x
0
dxv
x
xv
∑
k
T kval−sea
(xv
x
sˆ,−q2⊥
)
exp
(−R2hq2⊥)
× F¯h,kpart(xv, x− xv). (5.17)
We have to stress again that we do not onsider the possibility of Pomeron-Pomeron oupling
in the perturbative region Q2 > Q20. Therefore in our sheme hard parton proesses an only
ontribute into internal struture of elementary parton-parton sattering amplitudes but do not
inuene the triple-Pomeron oupling.
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A similar ontribution T h1h23IP+ of the Y -diagram an be obtained via interhanging x
+ ↔ x−
and h1 ↔ h2:
T h1h23IP+ (x
+, x−, s, t) = T h2h13IP− (x
−, x+, s, t). (5.18)
One an repeat the above derivation for the ase of a general soft multiple sattering proess,
see eq. (2.31), where some of the energy invariants s+ql , s
−
ql are large [14℄. One then obtains nally
the general multiple sattering expression (C.22), with the ontribution of orresponding pairs of
Pomerons being replaed by expressions
1
8π2x+x−s
∫
d2q⊥ iT h1h23IP± (x
+, x−, s, t), (5.19)
where x± refers to the summary light one momentum share of the onstituent partons partiipating
in the triple-Pomeron proess. So we get
iTh1h2(s, t) = 8π
2s
∞∑
n=1
1
n!
∫ 1
0
n∏
l=1
dx+l dx
−
l
n∏
l=1
[
1
8π2sˆl
∫
d2ql⊥ iT
h1h2
IP
(
sˆl,−q2l⊥
)]
× Fh1remn
1− n∑
j=1
x+j
 Fh2remn
1− n∑
j=1
x−j
 δ(2)( n∑
k=1
~qk⊥ − ~q⊥
)
. (5.20)
with
T h1h2IP = T
h1h2
1IP + T
h1h2
3IP− + T
h1h2
3IP+ (5.21)
Here, we allow any number of simple triple-Pomeron diagrams; thus we restrit ourselves to the
ontributions of double Pomeron iteration in the t-hannel rather than to the rst order in r3IP.
The Fourier transform T˜ of the amplitude (5.20) is given as
i
2s
T˜h1h2(s, b) =
∞∑
n=1
1
n!
∫ 1
0
n∏
l=1
dx+l dx
−
l
n∏
l=1
i
2s
T˜ h1h2IP (x
+
l , x
−
l , s, b)
× Fh1remn
1− n∑
j=1
x+j
 Fh2remn
1− n∑
j=1
x−j
 , (5.22)
with T˜ h1h2IP being the Fourier transform of T
h1h2
IP ,
T˜ h1h2IP = T˜
h1h2
1IP + T˜
h1h2
3IP− + T˜
h1h2
3IP+ , (5.23)
where the Fourier transform T˜ h1h23IP− of the triple Pomeron amplitude T
h1h2
3IP− is given as
i
2sˆ
T˜ h1h23IP− (x
+, x−, s, b) =
r3IP
2
∫
d2b1
∫ x+
s0/x−
dx+12
x+12
[
1
2s+
Im T˜ h1
(
x+, s+, |~b−~b1|
)]
×
∫
dz+
∫ x−
0
dx−1 dx
−
2
2∏
l=1
[
1
2sˆl
iT˜ h2
(
x−l , sˆl, b1
)]
δ(x− − x−1 − x−2 ), (5.24)
with sˆ = x+x−s (and similarly for T˜ h1h23IP+ ).
Here we used
δ(2)(~q⊥ − ~q1⊥ − ~q2⊥) =
1
4π2
∫
d2b1 exp
(
i (~q⊥ − ~q1⊥ − ~q2⊥)~b1
)
. (5.25)
The prole funtion γ for hadron-hadron interation is as usual dened as
γh1h2(s, b) =
1
2s
2ImT˜h1h2(s, b), (5.26)
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whih may be evaluated using the AGK utting rules,
γh1h2(s, b) =
∞∑
m=1
1
m!
∫ m∏
µ=1
dx+µ dx
−
µ
m∏
µ=1
Gh1h2IP (x
+
µ , x
−
µ , s, b)
×
∞∑
l=1
1
l!
∫ l∏
λ=1
dx˜+λ dx˜
−
λ
l∏
λ=1
−Gh1h2IP (x˜+λ , x˜−λ , s, b)
× Fremn
(
xproj −
∑
λ
x˜+λ
)
Fremn
(
xtarg −
∑
λ
x˜−λ
)
, (5.27)
with xproj/targ = 1 −∑ x±µ being the momentum fration of the projetile/target remnant, and
with
Gh1h2=IP G
h1h2
1IP +G
h1h2
3IP− +G
h1h2
3IP+ , (5.28)
where Gh1h23IP± is twie the imaginary part of the Fourier transformed triple-Pomeron amplitude
T˜ h1h23IP± divided by 2sˆ,
Gh1h23IP± (x
+, x−, s, b) =
1
2x+x−s
2Im T˜ h1h23IP± (x
+, x−, s, b), (5.29)
whih gives, assuming imaginary amplitudes,
Gh1h23IP− (x
+, x−, s, b) = −r3IP
8
∫
d2b1
∫ x+
s0/x−
dx+12
x+12
Gh1(x+, s+,
∣∣∣~b−~b1∣∣∣)
×
∫ 1
0
dz+
∫ x−
0
dx−1 G
h2(x−1 , sˆ1, b1)G
h2(x− − x−1 , sˆ2, b1), (5.30)
see g. 5.5, with
hG    (..s ..)
+z
+
12x
h
+1
x+
x-
x1
-
x2
-
x12
+
2
2hG    (..s ..)1G    (..s ..)2
Figure 5.5: Triple Pomeron ontribution.
s+ = s0
x+
x+12
, sˆ1 = x
+
12z
+x−1 s, sˆ2 = x
+
12(1− z+)(x− − x−1 )s. (5.31)
The funtions Gh are dened as
Gh(x, sˆ, b) =
1
2sˆ
2Im T˜ h (x, sˆ, b) , (5.32)
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with T˜ h being the Fourier transform of T h, whih gives
Gh = Ghsoft +G
h
sea−sea +G
h
val−sea, (5.33)
with
Ghsoft(x, sˆ, b) =
2γpart
λhsoft(
sˆ
s0
)
(
sˆ
s0
)α
soft
(0)−1
exp
(
− b
2
4λhsoft(
sˆ
s0
)
)
Fpart(x) (5.34)
Ghsea−sea(x, sˆ, b) =
1
4π
∑
jk
∫ 1
0
dz+dz−Ejsoft
(
z+
)
Eksoft
(
z−
)
σjkladder(z
+z−sˆ, Q20)× (5.35)
× 1
λhsoft(1/z
+z−)
exp
(
− b
2
4λhsoft(1/z
+z−)
)
Fpart(x)
Ghval−sea (x, sˆ, b) =
1
4π
∑
jk
∫ x
0
dxv
∫ 1
0
dz+Ejsoft
(
z+
)
σjkladder
(xv
x
z+sˆ, Q20
)
(5.36)
× 1
λhsoft(1/z
+)
exp
(
− b
2
4λhsoft(1/z
+)
)
F¯ kpart(xv, x− xv),
with
λhsoft(z) = R
2
h + α
′
soft
lnz. (5.37)
5.2 Cutting Enhaned Diagrams
To treat partile prodution, we have to investigate the dierent uts of an enhaned diagram. We
onsider the inverted Y -diagram here, the same arguments apply to the Y -diagram. We employ
the utting rules to eq. (5.24),
Gh1h23IP− =
1
2sˆ
2ImT˜ h1h23IP− = 〈sumover cut diagrams〉 =
∑
i
Gh1h23IP−(i), (5.38)
where the index i ounts the dierent uts. We take into aount that the utting proedure
only inuenes the two Pomerons exhanged in parallel in the triple-Pomeron graph (the lower
Pomerons) with the third Pomeron already being ut [14℄, so that we have three ontributions:
none of the lower Pomerons ut (i = 0, diration), one of these Pomerons ut (i = 1, sreening),
and both Pomerons ut (i = 2, Pomeron-Pomeron fusion), see g. 5.6. So we have
(b) (c)
-G
(a)
-2G4G
Figure 5.6: The dierent uts of the triple Pomeron inverted Y -diagram: none of the lower Pomerons ut (a), one
of these Pomerons ut (b), and both Pomerons ut (). We also indiate their relations with G = Gh1h2
3IP−
.
Gh1h23IP− = G
h1h2
3IP−(0) +G
h1h2
3IP−(1) +G
h1h2
3IP−(2), (5.39)
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with
Gh1h23IP−(0) =
{
i
2sˆ
T˜ h1h23IP−
}
× 2 ,
Gh1h23IP−(1) =
{
i
2sˆ
T˜ h1h23IP−
}
× (−2)× 2× 2 , (5.40)
Gh1h23IP−(2) =
{
i
2sˆ
T˜ h1h23IP−
}
× 2× 2 .
Here, we assumed imaginary amplitudes, and we replae as usual a fator iT˜ h in eq. (5.24) by
2ImT˜ h = −2iT˜ h for a ut Pomeron, and by (iT˜ h)∗ = iT˜ h for an unut Pomeron being to the left
of the ut plane, and by iT˜ h for an unut Pomeron being to the right of the ut plane. Using (see
eq. (5.29))
i
2sˆ
T˜ h1h23IP− = −
1
2
Gh1h23IP− , (5.41)
we get
Gh1h23IP−(0) = −1×Gh1h23IP− ,
Gh1h23IP−(1) = +4×Gh1h23IP− , (5.42)
Gh1h23IP−(2) = −2×Gh1h23IP− ,
whih means that eah ut ontribution is equal to the prole funtion, up to a pre-fator, see g.
5.6. The sum of the three ontributions is Gh1h23IP− , as it should be.
There is a substantial dierene between the dierent uts of triple-Pomeron ontributions: in
the ase of both lower Pomerons being ut (i = 2) all the momentum of the onstituent partons,
partiipating in the proess, is transferred to seondary hadrons produed, whereas for the ut
between these Pomerons (i = 0) only the light one momentum frations of the ut Pomeron (x+,
x−12 = s0/x
+
12 in eq. (5.30)) are available for hadron prodution, the momentum share x
− − x−12
of the partons, onneted to the unut (virtual) Pomerons is given bak to the remnant state.
Correspondingly, the ontribution with one of the two lower Pomerons being ut (i = 1) denes
the sreening orretion to the elementary resattering with the momentum frations x+, x−1
(onsidering the rst of the two Pomerons being ut). It is therefore useful to rewrite the expression
for the prole funtion as
γh1h2(s, b) =
∑
m
1
m!
∫ m∏
µ=1
dx+µ dx
−
µ dxˆ
+
µ dxˆ
−
µ
m∏
µ=1
Gˆh1h2IP (x
+
µ , x
−
µ , xˆ
+
µ , xˆ
−
µ , s, b)
×
∑
l
1
l!
∫ l∏
λ=1
dx˜+λ dx˜
−
λ
l∏
λ=1
−Gh1h2IP (x˜+λ , x˜−λ , s, b)
× Fremn
(
xproj −
∑
µ
xˆ+µ −
∑
λ
x˜+λ
)
Fremn
(
xtarg −
∑
µ
xˆ−µ −
∑
λ
x˜−λ
)
, (5.43)
with Gh1h2IP being dened earlier, and with
Gˆh1h2IP (x
+
µ , x
−
µ , xˆ
+
µ , xˆ
−
µ , s, b) = G1IP
(
x+µ , x
−
µ , s, b
)
δ(xˆ+µ ) δ(xˆ
−
µ ) +
∑
σ=±
2∑
i=0
Gˆh1h23IPσ(i)(x
+
µ , x
−
µ , xˆ
+
µ , xˆ
−
µ , s, b),
(5.44)
where we used
xproj/targ = 1−
∑
x±µ . (5.45)
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The variables x±µ are now the momentum frations for the individual ut ontributions, whih dene
the energy for the prodution of seondary hadrons resulting from a given elementary interation.
The expressions for the funtions Gˆh1h23IPσ(i) are obtained from eqs. (5.27, 5.30, 5.55, 5.56), by
hanging the variables properly. Simplest is the ase of all Pomerons being ut, no hanging of
variables is neessary, we have simply
Gˆh1h23IP−(2)(x
+, x−, xˆ+, xˆ−, s, b) = −2Gh1h23IP−(x+, x−, s, b) δ(xˆ+) δ(xˆ−) (5.46)
=
r3IP
4
∫
d2b1
∫ x+
s0/x−
dx+12
x+12
Gh1(x+, s+,
∣∣∣~b−~b1∣∣∣)
×
∫ 1
0
dz+
∫ x−
0
dx−1 G
h2(x−1 , sˆ1, b1)G
h2(x− − x−1 , sˆ2, b1)
× δ(xˆ+) δ(xˆ−), (5.47)
For none of the two lower Pomerons being ut, we rename x−12 into x
−
and x−− x−12 into xˆ−, so we
get
Gˆh1h23IP−(0)(x
+, x−, xˆ+, xˆ−, s, b) =
r3IP
8
∫
d2b1
1
x−
Gh1(x+, x+x−s,
∣∣∣~b−~b1∣∣∣)
×
∫ 1
0
dz+
∫ xˆ−+x−
0
dx−1 G
h2(x−1 , x
−
1
s0
x−
z+s, b1) (5.48)
× Gh2(xˆ− + x− − x−1 , (xˆ− + x− − x−1 )
s0
x−
(1− z+)s, b1) δ(xˆ+).
For one of the two lower Pomerons being ut, we rename x−1 into x
−
and x− − x−1 into xˆ−, and we
get
Gˆh1h23IP−(1)(x
+, x−, xˆ+, xˆ−, s, b) = −r3IP
2
∫
d2b1
∫ x+
s0/x−
dx+12
x+12
Gh1(x+, s+,
∣∣∣~b−~b1∣∣∣) (5.49)
×
∫ 1
0
dz+Gh2(x−, x+12z
+x−s, b1)Gh2(xˆ−, x+12(1 − z+)xˆ−s, b1) δ(xˆ+).
The ontributions Gh1h23IP+(i) an be obtained via interhanging x
+ ↔ x−, xˆ+ ↔ xˆ− and h1 ↔ h2 in
the above formulas:
Gh1h23IP+(i)(x
+, x−, xˆ+, xˆ−, s, b) = Gh2h13IP−(i)(x
−, x+, xˆ−, xˆ+, s, b). (5.50)
We dene as in the usual eikonal ase the virtual emission funtion
Φh1h2
(
xproj, xtarg, s, b
)
=
∑
l
∫ l∏
λ=1
dx˜+λ dx˜
−
λ
1
l!
l∏
λ=1
−Gh1h2IP (x˜+λ , x˜−λ , s, b)
× Fremn
(
xproj −
∑
λ
x˜+λ
)
Fremn
(
xtarg −
∑
λ
x˜−λ
)
, (5.51)
whih allows to write the prole funtions eq. (5.43) as
γh1h2(s, b) =
∑
m
1
m!
∫ m∏
µ=1
dx+µ dx
−
µ dxˆ
+
µ dxˆ
−
µ
m∏
µ=1
Gˆh1h2IP (x
+
µ , x
−
µ , xˆ
+
µ , xˆ
−
µ , s, b)
× Φh1h2
(
xproj −
∑
µ
xˆ+µ , x
targ −
∑
µ
xˆ−µ , s, b
)
, (5.52)
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whih may be approximated as
γh1h2(s, b) =
∑
m
1
m!
∫ m∏
µ=1
dx+µ dx
−
µ
m∏
µ=1
̂̂
G
h1h2
IP (x
+
µ , x
−
µ , x
proj, xtarg, s, b)
× Φh1h2
(
xproj, xtarg, s, b
)
, (5.53)
with
̂̂
G
h1h2
IP (x
+, x−, xproj, xtarg, s, b) =
1
Fremn (xproj) Fremn (xtarg)
(5.54)
×
∫
dxˆ+dxˆ−Gˆh1h2IP (x
+, x−, xˆ+, xˆ−, s, b)Fremn
(
xproj − xˆ+) Fremn (xtarg − xˆ−) .
Based on eq. (5.53), we proeed as in the eikonal ase. We unitarize the theory by replaingΦh1h2 by
Φu h1h2 in a omplete analogy to the eikonal model. The numerial Markov hain proedures have
to be modied slightly due to the fat that the
̂̂
G funtions ontain xproj and xtarg as arguments.
One an no longer restrit oneself to onsidering one single site of the interation matrix, sine
hanging x+ and x−modies as well xproj and xtarg and aets therefore the other sites as well (in
ase of nuleus-nuleus all the sites related to the same projetile and target nuleon). But this
does not pose major problems.
5.3 Important Features of Enhaned Diagrams
The amplitude orresponding to a single Pomeron exhange as shown at g. 5.7(a) behaves as a
funtion of energy approximately as s∆, where s is the .m. energy squared for hadron-hadron
interation and ∆ is some eetive exponent. At the same moment, the amplitude of the so-alled
Y -diagram shown in g. 5.7(b) inreases asymptotially as s2∆ , as an be seen from eq. (5.30).
The amplitude orresponding to the diagram in g. 5.7() behaves as s3∆. This indiates very
(b) (c)(a)
s s ∆ s2 3∆ ∆
Figure 5.7: Energy dependene of Pomeron diagrams.
important property of enhaned diagrams, namely that they inrease with energy muh faster
than the usual eikonal ones.
In the following, we disuss exlusively enhaned Y -diagrams for given hadron types h1 and
h2, and to simplify the notation, we use simply G to refer to the orresponding prole funtion,
omitting all indies referring to the initial hadron types and the Pomeron type.
In order to alulate ontributions of enhaned graphs to the total interation ross setion,
one has to onsider dierent uts of elasti sattering diagrams. We have
G ≡ 1
2s
2ImT˜ (s, t = 0) = G(0) +G(1) +G(2), (5.55)
whereG(i) refers to the dierent ut diagrams, as shown in g. 5.8. We use our onvention employed
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(c)(a) (b)
Figure 5.8: The dierent uts of the Y -diagram.
already earlier to plot ut Pomerons as dashed and unut ones as full vertial lines. The diagram
in g. 5.8(a) gives rise to the proess of high mass target diration (G(0)), the diagram in g.
5.8(b) represents the sreening orretion to the one ut Pomeron proess (G(1)), and the diagram
in g 5.8() - the ut Pomeron fusion proess (G(2)). As disussed in the preeding setion, we
have
G(0) = −1G ,
G(1) = +4G , (5.56)
G(2) = −2G ,
the sum being therefore equal to G, as it should be. Sine G is negative, the rst order ontribution
to the inelasti ross setion is negative, so another very important property of enhaned diagrams
is the suppression of the inrease of the inelasti ross setion with energy.
A remarkable feature of enhaned diagrams is onneted to their eet on the inlusive partile
spetra. In partiular, if one assumes (for a qualitative disussion) that eah ut Pomeron gives rise
to a at rapidity distribution of seondary hadrons, dn/dy = ρ0, the sum of all three ontributions
gives the sreening orretion to the inlusive partile spetrum as
d∆n
dy
∝ −1G × 0ρ0 + 4G × 1ρ0 − 2G × 2ρ0 = 0, y > y0 (5.57)
and
d∆n
dy
∝ −1G × ρ0 + 4G × ρ0 − 2G × ρ0 = Gρ0 < 0, y < y0, (5.58)
where y0 is the rapidity position of the triple Pomeron vertex, see g. 5.9. The ontribution
is negative, beause G is negative. Thus enhaned diagrams give rise to sreening orretions to
0
y0 ymaxy
contribution
y
y=0
max
∆d   n/dy
0
y
negative
Figure 5.9: Eet on inlusive spetra.
seondary hadron spetra only in restrited regions of the kinematial phase spae; ontributions of
dierent uts exatly anel eah other in the region of rapidity spae where two or more Pomerons
are exhanged in parallel (in ase of the diagram of g. 5.9 for y > y0) [15℄. Therefore another
important eet of Pomeron-Pomeron interations is the modiation of seondary hadron spetra,
being mainly suppressed in the fragmentation regions of the interation: lose to y = 0 from the
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Y -diagrams and lose to ymax for the inverted Y -diagrams. That explains the great importane of
enhaned diagrams for the solution of the unitarity problems inherent for the pure eikonal sheme
and for the onstrution of a onsistent unitary approah to hadroni interations at very high
energies (see the disussion in hapter 3).
Another important eet is the onsiderable inrease of utuations of hadroni interations.
Let us for a moment onsider the indies indiating Pomeron types: G3IP+ for the Y -diagram as
disussed above, G3IP− for the orresponding inverted diagram, and G1IP(s, x+, x−) for the normal
Pomeron. The full ontribution (so far) is
GIP = G1IP +G3IP− +G3IP+. (5.59)
Using the fat that G3IP± an be written as the sum of the dierent ut ontributions G3IP±(i), we
get
GIP = G1IP +
∑
i
G3IP−(i) +
∑
i
G3IP+(i),
whih may be written as
GIP =
{
G1IP +G3IP−(1) +G3IP+(1)
}
+
{
G3IP−(0) +G3IP+(0)
}
+
{
G3IP−(2) +G3IP+(2)
}
.
(5.60)
This means that we have three ontributions: a modied one ut Pomeron exhange, with proba-
bility wone, the high mass target (see g. 5.8(a)) and projetile diration, with probability wdiff ,
and the proess of Pomeron fusion of g. 5.8(), with probability wfusion, where the probabilities
are given as
wone =
G1IP +G3IP−(1) +G3IP+(1)
GIP
, wdiff =
G3IP−(0) +G3IP+(0)
GIP
, wfusion =
G3IP−(2) +G3IP+(2)
GIP
.
(5.61)
The two latter proesses result in orrespondingly muh smaller and muh larger values of the
hadron multipliity than for the one Pomeron proess.
The problem of onsistent treatment of Pomeron-Pomeron interations was addressed already
in [23, 19℄. The number of diagrams whih ontribute essentially to the interation harateristis
inreases fast with the energy. Therefore, one has to develop a suitable method to take into
aount the neessary ontributions to the forward sattering amplitude, the latter one being
related via the optial theorem to the total ross setion of the reation and to the weights for
partiular ongurations of the interation (via the utting proedure). Suh a sheme is still
under development and our urrent goal was the proper treatment of some lowest order enhaned
diagrams. Thus we proposed a minimal modiation of the standard eikonal sheme, whih allowed
us to obtain a onsistent desription of hadroni interations in the range of .m. energies from
some ten GeV till few thousand TeV. Already this minimal sheme allows to ahieve partly the
goals mentioned above: the slowing down of the energy inrease of the interation ross setion and
the non-AGK-type modiation of partile spetra, as well as the improvement of the desription
of the multipliity and inelastiity utuations in hadron-hadron interation.
An important question exists onerning the nature of the triple-Pomeron oupling. As dis-
ussed above, we used the perturbative treatment for the part of a parton asade developing in
the region of parton virtualities bigger than some uto Q20, whereas the region of smaller virtu-
alities is treated phenomenologially, based on the soft Pomeron. There was an argumentation in
[24℄ that the triple Pomeron oupling is perturbative and therefore an be desribed on the basis
of the QCD tehniques. At the same time, it was shown in [25℄ that suh perturbative oupling,
orresponding to non-small parton virtualities, would result in negligible ontribution to the basi
interation harateristis, in partiular, to the proton struture funtion F2. The latter result
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was onrmed experimentally by HERA measurements, where no real shoulder in the behavior of
F2(x,Q
2) (predited in [24℄) was found in the limit x→ 0. Another argument in favor of the small-
ness of the perturbative Pomeron-Pomeron oupling omes from the HERA dirative data, where
the proportion of dirative type events (with a large rapidity gap in seondary hadron spetra)
appeared to be nearly independent on the virtuality of the virtual photon probe. This implies
that that the Pomeron self-interation is rather inherent to the non-perturbative initial ondition
for the QCD evolution than to the dynamial evolution itself. Therefore we assumed that the
Pomerons interat with eah other in the non-perturbative region of parton virtualities Q2 < Q20
and onsidered it as the interation between soft Pomerons. In our sheme the relatively big
value of the soft triple-Pomeron oupling results in the sreening orretions whih nally prevent
the large inrease of parton densities in the small x limit and restore the unitarity, thus leaving a
little room for higher twist eets in the perturbative part of the interation.
Chapter 6
Parton Congurations
In this setion, we onsider the generation of parton ongurations in nuleus-nuleus (inluding
proton-proton) sattering for a given interation onguration, whih has already been determined,
as disussed above. So, the numbers mk of elementary interations per nuleon-nuleon pair k are
known, as well as the light one momentum frations x+kµ and x
−
kµ of eah elementary interation of
the pair k. A parton onguration is speied by the number of partons, their types and momenta.
6.1 General Proedure of Parton Generation
We showed earlier that the inelasti ross setion may be written as
σinel =
∫
d2b
∑
m
∫
dX+dX−Ω(m,X+, X−), (6.1)
where {m,X+, X−} represents an interation onguration. The funtion Ω is known (see eq.
(2.72)) and is interpreted as the probability distribution for interation ongurations. For eah
individual elementary interation a term Gh1h21IP appears in the formula for Ω, where the funtion
Gh1h21IP itself an be expressed in terms of ontributions of dierent parton ongurations. Namely
the QCD evolution funtion EijQCD, whih enters into the formula for the elementary interation
ontribution Gh1h21IP , is the solution of a ladder equation, where adding a ladder rung orresponds
to an integration over the momenta of the orresponding resolvable parton emitted. The omplete
evolution funtion is therefore a sum over n-rung ladder ontributions, where the latter one an
be written as an integration over n parton momenta. So we have
Ω(m,X+, X−) =
AB∏
k=1
mk∏
µ=1
t∑
τ=1
nkµτ∑
ν=1
∫
d3pkµτν Ψ({pkµτν}), (6.2)
where t is the number of Pomeron types (soft, sea-sea, ...), and nkµτ the number of partons for the
µth interation of the pair k in ase of Pomeron type τ . We interpret
Ψ({pkµτν})
Ω(m,X+, X−)
(6.3)
as the probability distribution for parton ongurations for a given interation onguration
{m,X+, X−}. The Monte Carlo method provides a onvenient tool for treating suh multidimen-
sional distributions: with Θ being known (see hapter 2 and the disussion below), one generates
parton ongurations aording to this distribution.
We want to stress that the parton generation is also based on the master formula eq. (2.72),
no new elements enter.
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In the following, we want to sketh the generation of parton ongurations, tehnial details
are provided in the next setion. Let us onsider a partiular elementary interation with given
light one momentum frations x+ and x− and given impat parameter dierene b between the
orresponding pair of interating nuleons, for a xed primary energy squared s.
For the sake of simpliity, we disuss here the proedure without the triple-Pomeron ontribu-
tion, with the orresponding generalization being done in appendix C.4. We have to start with
speifying the type of elementary interation (soft, semi-hard, or valene type). The orresponding
probabilities are
Gh1h2soft (x
+, x−, s, b)/Gh1h21IP (x
+, x−, s, b),
Gh1h2sea−sea(x
+, x−, s, b)/Gh1h21IP (x
+, x−, s, b),
Gh1h2val−val(x
+, x−, s, b)/Gh1h21IP (x
+, x−, s, b), (6.4)
Gh1h2val−sea(x
+, x−, s, b)/Gh1h21IP (x
+, x−, s, b),
Gh1h2sea−val(x
+, x−, s, b)/Gh1h21IP (x
+, x−, s, b).
In the ase of a soft elementary interation, no perturbative parton emission takes plae. There-
fore we are left with the trivial parton onguration, onsisting from the initial ative partons 
hadron onstituents  to whih the Pomeron is attahed.
Let us now onsider a semi-hard ontribution. We obtain the desired probability distributions
from the expliit expressions for Gh1h2sea−sea. For given x
+
, x−, and b we have
Gh1h2sea−sea(x
+, x−, s, b) ∝
∫ 1
0
dz+
∫ 1
0
dz−
∑
ij
Eisoft
(
z+
)
Ejsoft
(
z−
)
σijhard(z
+z−sˆ, Q20) (6.5)
× 1
4π λh1h2soft (1/(z
+z−))
exp
(
− b
2
4λh1h2soft (1/(z
+z−))
)
Fh1part(x
+)Fh2part(x
−)
with sˆ = x+x−s, λh1h2soft (ξ) = R
2
h1
+R2h2 + α
′
soft
lnξ, and
σijhard(sˆ, Q
2
0) = K
∑
kl
∫
dx+Bdx
−
Bdp
2
⊥
dσklBorn
dp2⊥
(x+Bx
−
B sˆ, p
2
⊥)
× EikQCD(x+B, Q20,M2F )EjlQCD(x−B , Q20,M2F )θ
(
M2F −Q20
)
, (6.6)
representing the perturbative parton-parton ross setion, where both initial partons are taken at
the virtuality sale Q20; we hoose the fatorization sale as M
2
F = p
2
⊥/4. The integrand of eq. (6.5)
serves as the probability distribution to generate the momentum frations x±1 = x
±z± and the
avors i and j of the initial partons for the parton ladder.
The knowledge of the initial onditions  the momentum frations x±1 and the starting virtuality
Q20 for the rst partons as well as the avors i and j  allows us to reonstrut the omplete
ladder, based on the eq. (6.6) and on the evolution equations (B.28-B.29) for EijQCD. To do so,
we generalize the denition of the parton-parton ross setion σijhard to arbitrary virtualities of the
initial partons, dening
σijhard(sˆ, Q
2
1, Q
2
2) = K
∑
kl
∫
dx+Bdx
−
Bdp
2
⊥
dσklBorn
dp2⊥
(x+Bx
−
B sˆ, p
2
⊥) (6.7)
× EikQCD(x+B , Q21,M2F)EjlQCD(x−B , Q22,M2F)Θ
(
M2F −max
[
Q21, Q
2
2
])
and
σijord(sˆ, Q
2
1, Q
2
2) = K
∑
k
∫
dx+Bdx
−
Bdp
2
⊥
dσkjBorn
dp2⊥
(x+Bx
−
B sˆ, p
2
⊥) (6.8)
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× EikQCD(x+B , Q21,M2F, w+)∆j(Q22,M2F)Θ
(
M2F −max
[
Q21, Q
2
2
])
representing the full ladder ontribution (σhard) and the ontribution, orresponding to the ordering
of parton virtualities towards the end of the ladder, i.e. to the ase of parton j, involved into the
highest virtuality Born proess (σord). We alulate and tabulate σhard and σord initially, so that
we an use them via interpolation to generate partons. The generation of partons is done in an
iterative fashion based on the following equations:
σijhard(sˆ, Q
2
1, Q
2
2) =
∑
k
∫
dQ2
Q2
∫
dξ∆i(Q21, Q
2)
αs
2π
P ki (ξ)σ
kj
hard(ξsˆ, Q
2, Q22) (6.9)
+ σjiord(sˆ, Q
2
2, Q
2
1)
and
σijord(sˆ, Q
2
1, Q
2
2) =
∑
k
∫
dQ2
Q2
∫
dξ∆i(Q21, Q
2)
αs
2π
P ki (ξ)σ
kj
ord(ξsˆ, Q
2, Q22) (6.10)
+ σijBorn(sˆ, Q
2
1, Q
2
2)
Here, σijBorn gives the ontribution of the onguration without any resolvable emission before the
highest virtuality Born proess:
σijBorn(sˆ, Q
2
1, Q
2
2) = K
∫
dp2⊥
dσijBorn
dp2⊥
(sˆ, p2⊥) (6.11)
× ∆i(Q21,M2F)∆j(Q22,M2F)Θ
(
M2F −max
[
Q21, Q
2
2
])
The proedure is desribed in detail in the next setion.
In the ase of elementary interations involving valene quarks, the method is almost idential.
In that ase, the orresponding momentum frations x±1 are the ones of valene quarks, x
±
1 = x
±
q ,
to be determined aording to the orresponding integrands in the expressions for Gh1h2val , G
h1h2
val−sea,
Gh1h2sea−val, see eqs. (2.48-2.50). For example, in the ase of both hadron onstituents being valene
quarks, one generates momentum frations x±1 and valene quark avors i, j with the distribution
(up to a normalization onstant)
Dh1h2,ijval−val(x
+
qvx
−
qvs, b) F¯
h1,i
part(x
+
qv , x
+ − x+qv ) F¯h2,jpart (x−qv , x− − x−qv ), (6.12)
see eqs. (2.48), (2.18). One then proeeds to generate parton emissions as disussed above.
6.2 Generating the Parton Ladder
We now disuss in detail the generation of the partons in a ladder, starting from the initial partons
(leg partons) with avors i and j and light one momentum frations x+1 and x
−
1 . To simplify
the disussion, we will neglet the eets of nite virtualities and transverse momenta of initial
partons in the kinematial formulas so that the 4-momenta k1 and k
′
1 of the two leg partons are
purely longitudinal. In the hadron-hadron (nuleus-nuleus) enter of mass frame we have:
k+1 = x
+
1
√
s/2, k−1 = 0, k1⊥ = 0,
k′−1 = x
−
1
√
s/2, k′+1 = 0, k
′
1⊥
= 0.
(6.13)
The invariant mass squared of the ladder is sˆ = (k1 + k
′
1)
2
.
One rst generates all resolvable partons emitted at one side of the ladder before the hardest
proess (for the deniteness we start with the leg parton i moving in the forward diretion). At
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eah step one deides whether there is any resolvable emission at the forward end of the ladder
before the hardest proess. An emission is done with the probability
prob(forward emission) =
(
σijhard(sˆ, Q
2
1, Q
2
2)− σjiord(sˆ, Q22, Q21)
)
/σijhard(sˆ, Q
2
1, Q
2
2). (6.14)
In ase of an emission, the generation of light one momentum fration ξ and momentum
transfer squared Q2 for the urrent parton branhing is done  up to a normalization onstant 
aording to the integrand of (σijhard − σjiord),
prob(ξ,Q2) ∝ 1
Q2
∆i(Q21, Q
2)
αs
2π
∑
i′
P i
′
i (ξ)σ
i′j
hard(ξsˆ, Q
2, Q22) (6.15)
see eq. (6.9). Here the emitted s-hannel parton gets the share 1−ξ of the parent (leg) parton light
one momentum k+ and the transverse momentum squared p2⊥ ≡ (1−ξ)Q2 . To leading logarithmi
auray, the initial parton virtuality is negleted in the branhing probability eq. (6.15), beause
of Q21 ≪ Q2. Generating randomly the polar angle ϕ for the emission, one reonstruts the 4-vetor
p of the nal s-hannel parton as
p+ = (1 − ξ)k+1 , p− = p2⊥/((1− ξ)k+1 ), ~p⊥ =
(
p⊥ cosϕ
p⊥ sinϕ
)
. (6.16)
The remaining ladder after the parton emission is now haraterized by the mass squared sˆ′ =
(k1+k
′
1−p)2 ≃ ξsˆ and the initial virtualities Q′21 = Q2 and Q22. The avor i′ of the new leg parton
is generated aording to the orresponding weights in eq. (6.15), properly normalized given as
prob(i′) =
P i
′
i (ξ)σ
i′j
hard(sˆ
′, Q2, Q22)∑
l P
l
i (ξ)σ
lj
hard(sˆ
′, Q2, Q22)
, (6.17)
where σi
′j
hard(ξsˆ, Q
2, Q22) is the parton ross setion (6.7) for the new ladder. One then renames sˆ
′
,
i′, and Q′21 into sˆ, i, and Q
2
1 and repeats the above proedure.
In ase of no forward emission, the generation of all resolvable parton emissions at the forward
side of the ladder has been ompleted.
One then proeeds to generate all resolvable parton emissions for the bakward side of the
ladder, starting from the original leg parton j of virtuality Q22 = Q
2
0, by using a orresponding
reursive algorithm, now based on eq. (6.10). On the other end of the ladder, we have (after
renaming) parton i with the virtuality Q21. One deides whether there is any resolvable emission
before the hardest proess, where the probability of an emission is given as
prob(backwardemission) =
(
σjiord(sˆ, Q
2
2, Q
2
1)− σijBorn(sˆ, Q21, Q22)
)
/σjiord(sˆ, Q
2
2, Q
2
1). (6.18)
In ase of an emission, the generation of the fration ξ of the light one momentum k′−1 , and of
the momentum transfer squared Q2 is done  up to a normalization onstant  aording to the
integrand of (σjiord - σ
ij
Born),
prob(ξ,Q2) ∝ 1
Q2
∆j(Q22, Q
2)
αs
2π
∑
j′
P j
′
j (ξ)σ
j′i
ord(ξsˆ, Q
2, Q21), (6.19)
see eq. (6.10). The avor j′ of the new leg parton is dened aording to the partial ontributions
in (6.19). The generation of resolvable parton emissions is ompleted when the iterative proedure
stops, with the probability
1− prob(backwardemission).
Note, that all parton emissions are simulated in the original Lorentz frame, where the original leg
partons (the initial partons for the perturbative evolution) are moving along the z
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The nal step is the generation of the hardest 2 → 2 parton sattering proess. In the enter
of mass system of two partons i and j with enter-of-mass energy squared sˆ, we simulate the
transverse momentum p2⊥ for the sattering within the limits (given by the onditionM
2
F = p
2
⊥/4 >
max[Q21, Q
2
2])
4max[Q21, Q
2
2] < p
2
⊥ < sˆ/4 (6.20)
aording to
prob(p2⊥) ∝
dσijBorn
dp2⊥
(sˆ, p2⊥)∆
i(Q21, p
2
⊥/4)∆
j(Q22, p
2
⊥), (6.21)
where the dierential parton-parton ross setion is
dσijBorn
dp2⊥
(sˆ, p2⊥) =
1
16πsˆ2
√
1− 4p2⊥/sˆ
∑
k,l
∣∣M ij→kl(sˆ, p2⊥)∣∣2 (6.22)
with |M ij→k,l(sˆ, p2⊥)|2 being the squared matrix elements of the parton subproesses [26℄.
Then we hoose a partiular subproess ij → kl aording to its ontribution to the dierential
ross setion (6.22), and reonstrut the 4-momenta p1 and p2 of the nal partons in their enter
of mass system as
p+1 = z
√
sˆ, p−1 = p
2
⊥/(z
√
sˆ), ~p1⊥ =
(
p⊥ cosϕ
p⊥ sinϕ
)
,
p+2 = (1− z)
√
sˆ, p−2 = p
2
⊥/((1− z)
√
sˆ), ~p2⊥ =
( −p⊥ cosϕ
−p⊥ sinϕ
)
,
(6.23)
with
z =
1
2
(
1 +
√
1− 4p2⊥/sˆ
)
(6.24)
and a random polar angle ϕ. We nally boost the momenta to the original Lorentz frame.
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The above disussion of how to generate parton ongurations is not yet omplete: the emitted
partons are in general oshell and an therefore radiate further partons. This so-alled time-like
radiation is taken into aount using standard tehniques [27℄, to be disussed in the following.
The parton emission from an o-shell parton is done using the so-alled DGLAP evolution equa-
tions, whih desribes the proess with the leading logarithmi auray. The splitting probability
for the initial parton of type j is then given as
dP
P = −
dQ2
Q2
∫
dz
∑
k
αs(p
2
⊥)
2π
P kj (z), (6.25)
with the usual Altarelli-Parisi splitting funtions P kj (z). Here Q
2 = Q2j is the virtuality of the
parent parton j and z is interpreted as the energy fration arried away by the daughter parton
k. The maximum possible virtuality q2jmax of the parton j is given by the virtuality of the parent
of j. One imagines now to derease the virtuality of j, starting from the maximum value, suh
that the DGLAP evolution equations give then the probability dP that during a hange dQ2 of
the virtuality, a parton splits into two daughter partons k and l  see g. 9.1. For the energies of
the daughter partons one has
Ek = zEj , El = (1− z)Ej . (6.26)
Choosing a frame where pj⊥ = 0, we have
pk⊥ = −pl⊥ = p⊥, (6.27)
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j
l
k
(Ej , Q
2
j)
(zEj , Q
2
k, ~p⊥)
((1− z)Ej , Q2l ,−~p⊥)
Figure 6.1: A branhing of a parton j into two partons k and l. The kinematial variables used to desribe the
branhing are the energies Ei, the virtualities Q2i , and the transverse momenta pi⊥ .
with
p2⊥ =
E2j
(
z(1− z)Q2j − zQ2l − (1− z)Q2k
)− 14 (Q2l −Q2j −Q2k)2 +Q2jQ2k
E2j −Q2j
. (6.28)
As usual, a uto parameter terminates the asade of parton emissions. We introdue a parameter
p2⊥fin, whih represents the lower limit for p
2
⊥ during the evolution, from whih we obtain the lower
limit for the virtualities as Q2min = 4p
2
⊥fin.
Let us provide some tehnial details on the splitting proedure. Using eq. (6.25) and applying
the rejetion method proposed in [27℄ we determine the variables Q2j and z as well as the avors
k, l of the daughter partons  see appendix B.3. To determine the 4-momentum pj of the parent
parton we have to distinguish between three dierent modes of branhing (see gure 6.2):
1. If j is the initial parton for the time-like asade, the energy Ej is given, and with the
obtained value Q2j , we an alulate |~pj | =
√
E2j −Q2j . The diretion of ~pj is obtained from
the momentum onservation onstraint for the summary momentum of all partons produed
in the urrent time-like asade.
2. If j is the initial parton for the time-like asade resulted from the Born proess, together
with a partner parton j′, then we know the total energy Ej +Ej′ for the two partons. After
obtaining the virtualities Q2j and Q
2
j′ from the seondary splittings j → k, l and j′ → k′, l′ we
an use the momentum onservation onstraint in the parton-parton enter of mass frame,
whih gives ~pj = −~pj′ = ~p and allows to determine |~p|. The diretion of ~p an be hosen
randomly.
3. If parton j is produed in a seondary time-like branhing, its energy Ej = zEparent as well
as the energy of the seond daughter Ej′ = (1 − z)Eparent are known from the previous
branhing, as well as Q2j and Q
2
j′  from the splittings j → k, l and j′ → k′, l′, whih allows
to determine ~pj⊥ = −~pj′
⊥
= ~p⊥ using eq. (6.28) in the frame where the parent parton moves
along the z -axis. In some ases one gets p2
⊥
< 0; then the urrent splitting of the parton j
is rejeted and its evolution ontinues.
The desribed leading order algorithm is known to be not aurate enough for seondary hadron
prodution, in partiular it gives too high multipliities of seondaries in e+e−-annihilation. The
method an be orreted if one takes into aount the phenomenon of olor oherene. The latter
one appears if one onsiders some higher order orretions to the simplest leading logarithmi on-
tributions, the latter ones being the basis for the usual Altarelli-Parisi evolution equations. In the
orresponding treatment [28℄  so-alled modied leading logarithmi approah  one essentially
reovers the original sheme for the time-like parton asading supplemented by the additional on-
dition, the strit ordering of the emission angles in suessive parton branhings. The appearane
of the angular ordering an be explained in a qualitative way: (see [29℄): if a transverse wavelength
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Q2max→Q2j Q2max=s
→Q2j ,Ej
→Q2
j′
,Ej′
E,z
→Q2j
→Q2
j′
Figure 6.2: The three branhing modes as explained in the text. The arrows indiate the variables to be determined.
j
l
k
e
fθ1
θ2
Figure 6.3: Angular ordering in suessive branhings.
of an emitted gluon (f or e on gure 6.3) is larger than the separation between the two, this gluon
annot see the olor harge of the parent (l) but only the total (muh smaller) harge of the two
partons (k + l = j) and the radiation is suppressed. In a Monte-Carlo model this an be easily
realized by imposing the angular ordering ondition via rejetion [30℄. Thus, for eah branhing
we hek whether the angular ordering θ2 < θ1 is valid, where θ1 is the angle of the previous
branhing, and rejet the urrent splitting otherwise.
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Chapter 7
Hadronization
Till now, our disussion onerned exlusively partons, whereas in the real world one observes
nally hadrons. It is the purpose of this hapter, to provide the link, i.e. to disuss how to alulate
hadron prodution starting from partoni ongurations, disussed in the previous hapters.
Hadron prodution is related to the struture of ut Pomerons. A ut Pomeron is in priniple
a sum over squared amplitudes of the type a+ b → hadrons, integrated over phase spae, with a
and b being the nuleon onstituents involved in the interation. So far there was no need to talk
about the details of the hadron prodution, whih ould be onsidered to be integrated out. In
ase of soft Pomerons, we used a parameterization of the whole objet, based on general asymp-
toti onsiderations, whih means that all the hadron prodution is hidden in the few parameters
haraterizing the soft Pomeron. In ase of hard Pomerons, we disussed the expliit partoni
struture of the orresponding diagram without talking about hadrons. This is justied based on
the assumption that summing over hadroni nal states is idential to summing over partoni nal
states, both representing omplete sets of states. But although our ignorane of hadroni states
so far was well justied, we nally have to be spei about the hadroni struture of the ut
Pomerons, beause these are hadroni spetra whih are measured experimentally, and not parton
ongurations.
Laking a rigorous theoretial treatment, we are going to use the same strategy as we used
already for treating the soft Pomeron: we are going to present a parameterization of the hadroni
struture of the ut Pomerons, as simple as possible with no unneessary details, in agreement with
basi laws of physis and basi experimental observations. We do not laim at all to understand the
mirosopi mehanism, so our parameterization, alled string model, should not be onsidered
as a mirosopi hadronization model.
7.1 Hadroni Struture of Cut Pomerons
In order to develop our multiple sattering theory, we used a simple graphial representation of
a ut Pomeron, namely a thik vertial line onneting the external legs representing nuleon
omponents, as shown in g. 7.1. This simple diagram hides somewhat the fat that there is a
Figure 7.1: Symbol representing a ut Pomeron.
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ompliated struture hidden in this Pomeron, and the purpose of this setion is to disuss in
partiular the hadroni ontent of the Pomeron.
Let us start our disussion with the soft Pomeron. Based on Veneziano's topologial expansion
one may onsider a soft Pomeron as a ylinder i.e. the sum of all possible QCD diagrams having
a ylindrial topology, see g. 7.2. As disussed in detail in hapter 2.2, the nuleon omponents
Figure 7.2: Cut soft Pomeron represented as a ut ylinder. The grey areas represent unresolved partons.
mentioned earlier, representing the external legs of the diagram, are always quark-anti-quark pairs,
indiated by a dashed line (anti-quark) and a full line (quark) in g. 7.2. Important for the
disussion of partile prodution are of ourse ut diagrams, therefore we show in g. 7.2 a ut
ylinder representing a ut Pomeron: the ut plane is shown as two vertial dotted lines. Let us
onsider the half-ylinder, for example, the one to the right of the ut, representing an inelasti
amplitude.
Figure 7.3: Planar representation of a half-ylinder obtained from utting a ylinder diagram (see g. 7.2).
We an unfold this objet in order to have a planar representation, as shown in g.7.3. Here, the
dotted vertial lines indiate the uts of the previous gure, and it is here where the hadroni nal
state hadrons appear. Laking a theoretial understanding of this hadroni struture, we simply
apply a phenomenologial proedure, essentially a parameterization. We require the method to be
as simple as possible, with a minimum of neessary parameters. A solution oming lose to these
demands is the so-alled string model: eah ut line is identied with a lassial relativisti string,
a Lorentz invariant string breaking proedure provides the transformation into a hadroni nal
state, see g. 7.4.
The phenomenologial mirosopi piture whih stays behind this proedure was disussed in
a number of reviews [21, 20, 31℄: the string end-point partons resulted from the interation appear
to be onneted by a olor eld. With the partons ying apart, this olor eld is strethed into a
tube, whih nally breaks up giving rise to the prodution of hadrons and to the neutralization of
the olor eld.
We now onsider a semi-hard Pomeron of the sea-sea type, where we have a hard pQCD
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Figure 7.4: The string model: eah ut line (dotted vertial lines) represents a string, whih deays into nal state
hadrons (irles).
proess in the middle and a soft evolution at the end, see g. 7.5. We generalize the piture
Figure 7.5: A simple diagram ontributing to the semi-hard Pomeron of the sea-sea type.
introdued above for the soft Pomeron. Again, we assume a ylindrial struture. For the example
of g. 7.5, we have the piture shown in g. 7.6: the shaded areas on the ylinder ends represent
Figure 7.6: Cylindrial representation of a ontribution to the semi-hard Pomeron (left gure) and planar diagram
representing the orresponding half-ylinder (right gure).
the soft Pomerons, whereas in the middle part we draw expliitly the gluon lines on the ylinder
surfae. We apply the same proedure as for the soft Pomeron: we ut the diagram and present
a half-ylinder in a planar fashion, see g. 7.6. We observe one dierene ompared to the soft
ase: there are three partons (dots) on eah ut line: apart from the quark and the anti-quark at
the end, we have a gluon in the middle. We again apply the string piture, but here we identify
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a ut line with a so-alled kinky string, where the internal gluons orrespond to internal kinks.
The underlying mirosopi piture will be presented by three olor-onneted partons - the gluon
onneted by the olor eld to the quark and to the anti-quark. The string model provides then
a parameterization of hadron prodution, see g. 7.7. The proedure desribed above an be
Figure 7.7: The kinky string model: the ut line (vertial dotted line) orresponds to a kinky string, whih deays
into hadrons (irles).
easily generalized to the ase of ompliated parton ladders involving many gluons and quark-anti-
quark pairs. One should note that the treatment of semi-hard Pomerons is just a straightforward
generalization of the string model for soft Pomerons, or one might see it the other way round: the
soft string model is a natural limiting ase of the kinky string proedure for semi-hard Pomerons.
We now need to disuss Pomerons of valene type. In ase of valene-valene the rst partons
of the parton ladder are valene quarks, there is no soft Pomeron between the parton ladder and
Figure 7.8: The simplest ontribution to the valene-valene Pomeron.
the nuleon. The nuleon omponents representing the external legs are, as usual, quark-anti-quark
pairs, but the anti-quark plays in fat just the role of a spetator. The simplest possible interation
is the exhange of two gluons, as shown in g.7.8. We follow the sheme used for soft Pomerons
and sea-sea type semi-hard Pomerons: we draw the diagram on a ylinder, see g. 7.9. There is
no soft region, the gluons ouple diretly to the external partons. We ut the ylinder, one gluon
being to the right and one gluon to the left of the ut, and then we onsider the orresponding
half-ylinder presented in a planar fashion, see g. 7.9 (right). Here, we have only internal gluons,
on the ut line we observe just the external partons, the orresponding string is therefore just an
ordinary quark-anti-quark string without internal kinks, as in the ase of the soft Pomerons. We
apply the usual string breaking proedure to obtain hadrons, see g. 7.10.
Let us onsider a more ompliated valene-type diagram, as shown in g. 7.11. It is again
a ontribution to the Pomeron of the valene-valene type: the external partons of the parton
ladders are the valene quarks of the nuleons. In ontrast to the previous example, we have here an
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Figure 7.9: Cylindrial representation of the diagram of g. 7.8 (left gure) and planar diagram representing the
orresponding half-ylinder (right gure).
Figure 7.10: The string model: the ut line (vertial dotted line) orresponds to a string, whih deays into hadrons
(irles).
emission of s-hannel gluons, traversing the ut. As usual, we present the diagram on the ylinder,
as shown in g. 7.12, where we also show the orresponding planar half-ylinder. In addition to
internal gluons, we now observe also external ones, presented as dots on the ut line. As usual,
we identify the ut line with a relativisti kinky string, where eah external (s-hannel) gluon
represents a kink. We then employ the usual string proedure to produe hadrons, as skethed in
g. 7.13.
Figure 7.11: A more ompliated ontribution to the valene type Pomeron.
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Figure 7.12: Cylindrial representation of the diagram of g. 7.11 (left gure) and planar diagram representing
the orresponding half-ylinder (right gure).
Figure 7.13: The string model: the ut line (vertial dotted line) orresponds to a string, whih deays into hadrons
(irles).
The general proedure should be lear from the above examples: in any ase, no matter what
type of Pomeron, we have the following proedure:
1. drawing of a ylinder diagram;
2. utting the ylinder;
3. planar presentation of the half-ylinder;
4. identiation of a ut line with a kinky string;
5. kinky string hadronization
The last point, the string hadronization proedure, will be disussed in detail in the following. This
work is basially inspired by [32, 33℄ and further developed in [34℄. The main dierenes to [33℄are
that hadrons are diretly obtained from strings instead from low mass lusters, and an intrinsi
transverse momentum is added to a string break-up. The main dierene to the Lund-model is to
use the area-law instead of a fragmentation funtion.
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7.2 Lagrange Formalism for Strings
A string an be onsidered as a point partile with one additional spae-like dimension. The
trajetory in Minkowski spae depends on two parameters:
xµ = xµ(σ, τ), σ = 0...π , (7.1)
with σ being a spae-like and τ a time-like parameter. In order to obtain the equation of motion,
we need a Lagrangian. It is obtained by demanding the invariane of the trajetory with respet
to gauge transformations of the parameters σ and τ . This way we nd [1℄ the Lagrangian of
Nambu-Goto:
L = −κ
√
(x′x˙)2 − x′2x˙2 , (7.2)
with x˙µ = dxµ/dτ , xµ ′ = dxµ/dσ and κ being the energy density or string tension. With this
Lagrangian we write down the ation
S =
∫ π
0
dσ
∫ τ1
τ0
dτL , (7.3)
whih leads to the Euler-Lagrange equation:
∂
dτ
∂L
∂x˙µ
+
∂
∂σ
∂L
∂x′µ
= 0 , (7.4)
with the initial onditions
∂L
∂x′µ
= 0, σ = 0, π , (7.5)
sine we have δx = 0 for τ = τ0 and τ = τ1. This equation an be solved most easily by a partial
gauge xing. We have this freedom, sine the result is independent on the hoie of the parameters.
This is done indiretly by imposing the following onditions:
x˙2 + x′2 = 0, x˙x′ = 0 . (7.6)
The Euler-Lagrange equation gives us a simple solution, the wave equation:
∂2xµ
∂τ2
− ∂
2xµ
∂σ2
= 0 , (7.7)
with the following boundary onditions:
∂xµ
∂σ
= 0, σ = 0, π. (7.8)
The total momentum of a string is given by [1℄
pµstring = −
∫
C
∂L
∂x˙µ
dσ +
∂L
∂x′µ
dτ (7.9)
with C being a urve between the two ends of the string (σ = 0 and σ = π). This gives for (7.6)
and for dτ = 0
pµstring =
∫ π
0
κx˙µdσ. (7.10)
We still have to x ompletely the gauge sine it has been xed partially only. This an be done
with the following onditions for the parameter τ :
nµxµ = λτ (7.11)
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Dierent hoies for n and λ are possible, like n = (1,−1, 0, 0) whih is alled the transverse
gauge. We will use n = (1, 0, 0, 0) whih leads to λ = E/πκ and another hoie π = E/κ will
identify τ with the time x0, whereas E =
∫ π
0
κx˙0dσ is the total energy of the string. We dene
string units via κ = 1; σ and τ have thereby the dimension of energy and π = E. In ordinary
units, one has κ = κ˜ GeV/fm, with κ˜ being approximately 1, so a length of 1 GeV orresponds to
1 fm/κ˜ ≈1 fm.
The solution of a wave equation is a funtion whih depends on the sum or the dierene of
the two parameters σ and τ . As the seond derivative shows up, we have two degrees of freedom
to impose the initial onditions on the spae-like extension and the speed of the string at τ = 0.
One an easily verify that the following Ansatz [32, 33℄ fullls the wave equation (7.7):
xµ(σ, τ) =
1
2
[
fµ (σ + τ) + fµ (σ − τ) +
∫ σ+τ
σ−τ
gµ (ξ) dξ
]
(7.12)
f(σ) = xµ(σ, τ)|τ=0 (7.13)
g(σ) = x˙µ(σ, τ)|τ=0 (7.14)
We identify the funtion f(σ) with the initial spatial extension and g(σ) with the initial speed of
the string at the time τ = 0.
We will onsider here a speial lass of strings, namely those with f = 0 (initially point-like)
and with a pieewise onstant funtion g,
g(σ) = vk for Ek−1 ≤ σ ≤ Ek, 1 ≤ k ≤ n (7.15)
with some integer n. The set {Ek} is a partition of the σ-range [0, E],
0 = E0 < E1 < ... < En−1 < En = E, (7.16)
and {vk} represents n onstant 4-vetors. Suh strings are alled kinky strings, with n being the
number of kinks, and the n vetors vk being alled kink veloities.
In order to use eq. (7.12), we have to extend the funtion g beyond the physial range between
0 and π. This an be done by using the boundary onditions, whih gives
g(τ) = g(−τ), (7.17)
g(τ + 2π) = g(τ), (7.18)
So g is a symmetri periodi funtion, with the period 2π. This denes g everywhere, and the
eq. (7.12) is the omplete solution of the string equation, expressed in terms of the initial ondition
g (f is taken to be zero). In ase of kinky strings the latter is expressed in terms of the kink
veloities {vk} and the energy partition {Ek}.
7.3 Identifying Partons and Kinks
We disussed earlier that a ut Pomeron may be identied with two sequenes of partons of the
type
q − g − g − ...− g − q¯, (7.19)
representing all the partons on a ut line. We identify suh a sequene with a kinky string, by
requiring
parton = kink, (7.20)
whih means that we identify the partons of the above sequene with the kinks of a kinky string,
suh that the partition of the energy is given by the parton energies,
Ek = energy of partonk (7.21)
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and the kink veloities are just the parton veloities,
vk =
momentumof partonk
Ek
. (7.22)
We onsider massless partons, so that the energy is equal to the absolute value of the parton
momentum. Fig. 7.14 shows as an example the evolution of a kinky string representing three
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Figure 7.14: Movement of a string with 3 partons on the z − x plane: The partons have momenta of pq =
(px, py, pz) = (0, 0,−2) GeV/, pg = (2, 0, 0)GeV/ and pq¯ = (0, 0, 3) GeV/. The rst half-yle is nished after
τ = 7 GeV.
partons: a quark, an anti-quark, and a gluon, as a funtion of the time τ . One sees that the
partons start to move along their original diretion with the speed of light. After some time whih
orresponds to their energy they take the diretion of the gluon. One ould say that they lose
energy to the string itself. The gluon loses energy in two diretions, to the quark and to the anti-
quark and therefore in half the time. The ends of the string move ontinuously with the speed of
eah of the partons until the whole string is ontrated again in one point. The yle starts over.
Another example is shown on g. 7.15, where realisti partons oming from a simulation of
a e+e− annihilation proess at 14 GeV .m.s. energy are onsidered. We will see later how to
generate these partons. We observe 6 partons, 2 quarks and 4 gluons, symbolially displayed in
the rst sub-gure. As the total energy is 14 GeV the yle has a periodiity of 28 GeV. But one
sees that the perturbative gluons play an important role in the beginning of the movement, and
later from 2 GeV on, the longitudinal harater dominates. As we will see later, a string breaks
typially after 1 GeV/κ whih gives muh importane to the perturbative gluons.
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Figure 7.15: Partons in an e+e− annihilation event with
√
s = 14 GeV in the z − x plane. The rst gure shows
the momenta in the pz − px plane.
7.4 Momentum Bands in Parameter Spae
As we will see later, it is not neessary for a fragmentation model to know the spatial extension
at eah instant. Therefore, we onentrate on a desription in momentum spae whih simplies
the model even more. By using formula (7.12) we an express the derivatives of x(σ, τ) in terms
of the initial onditions g(σ) as
x˙(σ, τ) =
1
2
[g(σ + τ) + g(σ − τ)] (7.23)
x′(σ, τ) =
1
2
[g(σ + τ)− g(σ − τ)] . (7.24)
Sine the funtion g is stepwise onstant, we easily identify regions in the parameter spae (σ, τ),
where g(σ + τ) is onstant or where g(σ − τ) is onstant, as shown in g. 7.16,7.17.
These regions are alled momentum bands, more preisely R-bands and L-bands, being of great
importane for the string breaking. If we overlay the two gures of 7.16,7.17, we get g. 7.18, whih
allows us to identify regions, where g(σ + τ) and g(σ − τ) are onstant at the same time, namely
the intersetions of R-bands and L-bands. In these areas x˙ and x′ are onstant, given as
x˙(σ, τ) =
1
2
[
v− + v+
]
(7.25)
x′(σ, τ) =
1
2
[
v− − v+] , (7.26)
with v+ and v− being the veloities of the partons orresponding to the two interseting bands.
Rather than onsidering a σ-range between −∞ and +∞, one may simply onsider the physial
range from 0 to π, and onstrut the bands via reetion. As an example, let us follow the L-band
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g q
τ
gq σq q
Figure 7.16: Constrution of bands where g(σ−τ) is onstant, being referred to as R-bands (right moving bands).
q g
τ
q q σ
Figure 7.17: Constrution of bands where g(σ+ τ) is onstant, being referred to as L-bands (left moving bands).
orresponding to the parton i, starting at τ = 0. With inreasing τ one reahes at some stage the
border σ = 0. Here, we have an intersetion with the R-band, orresponding to the same parton
i, oming from the unphysial region σ < 0. We now follow this R-band, whih orresponds to a
reetion of the above-mentioned L-band, till we hit the border σ = π, ... .
In the regions where g(σ + τ) and g(σ − τ) have the same value, orresponding to ollinear
partons or to an overlap of the momentum bands of one and the same parton, one nds x′ = 0,
i.e. there is no spatial extension in the dependene of the parameter σ. Therefore the oordinates
xµ stay unhanged and we reover the speed of the original partons. In partiular, this is the ase
for the whole string at τ = 0, due to f = 0. With the string evolving in time, more and more
bands of non ollinear partons overlap, whih gives x′ 6= 0; the string is extending as we have seen
in g. 7.14 until τ = 7.
7.5 Area Law
In order to onsider string breaking, we are going to extend the model in a ovariant fashion. We
use the method proposed by Artru and Menessier [35℄, whih is based on a simple extension of
the deay law of unstable partiles, where the probability dP to deay within a time interval dt is
given as
dP = λdt , (7.27)
with some deay onstant λ. For strings, we use the same formula by replaing the proper time
by proper surfae in Minkowski spae,
dP = λdA . (7.28)
By onstrution, this method is ovariant. Sine we work in parameter spae it is useful to express
this dependene as a funtion of σ and τ ,
dA =
√
(x˙x′)2 − x′2x˙2dσdτ . (7.29)
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Figure 7.18: The superposition of bands where g(σ+ τ) and g(σ− τ) are onstant (see g. 7.16,7.17) gives regions
of onstant x′ and x˙.
By using the expressions for x˙ and x′ and x˙x′ = 0 and g2 = 0 , we nd
dA =
√
−1
4
(−2g(σ + τ)g(σ − τ)) 1
4
(2g(σ + τ)g(σ − τ))dσdτ (7.30)
=
[
1
2
g(σ + τ)g(σ − τ)
]
dσdτ (7.31)
=
1
2
(1− cosφ) dσdτ , (7.32)
with φ being the angle between the partons. Consequently, a string annot break at a point where
the momentum bands of the same parton overlap, beause in this ase the angle φ is zero, whih
leads to dA = 0. The maximal ontribution is obtained for partons moving in opposite diretions.
We still have to dene how a string breaks and how the sub-strings evolve. At eah instant, one
knows exatly the momenta of the string by eq. (7.25) and (7.26). The onguration of g(σ + τ)
and g(σ − τ) at the time τ1 of the break point is used as initial ondition for the two substrings.
The funtion g(σ + τ) is ut into two piees between 0 and σ1 and between σ1 and π. The two
resulting funtions are ontinued beyond their physial ranges [0, σ1] and [σ1, π] by taking them
to be symmetri and periodi with periods 2σ1 and 2(π − σ1). Fig. 7.19 shows this for a breaking
at (σ1, τ1) and a seond break point at (σ2, τ2). In priniple, the yle starts over with the two
sub-strings breaking eah until the resulting piees are light enough to form hadrons. However, it is
easier to look for many break-points at one. If they are spae-like separated, they do not interfere
with eah other. For the oordinates in the parameter spae this translates into the ondition
|σ1 − σ2| > |τ1 − τ2| . (7.33)
7.6 Generating Break Points
Having assumed that string breaking ours aording to the area law,
dP = λdA, (7.34)
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Figure 7.19: The breaking of a string. The funtions g are found by imposing the symmetry and periodiity
onditions.
we now need an algorithm to aomplish this in the framework of the Monte-Carlo method. The
most simple way is to sub-divide a given surfae into suiently small piees and then to deide
aording to formula (7.34) if there is a break point or not. This is what we refer to as the naive
method, whih is of ourse not eient. We will therefore onstrut another algorithm (the diret
one) whih is based on
P0(A) = e
−λA
(7.35)
being the probability of having no break point within the area A. One generates surfaes A1, A2,
... aording to P0(A) as
Ai = − log(ri)/λ, (7.36)
with random numbers ri between 0 and 1. The formula does not say anything about the form of
the surfaes Ai. Atually, several hoies are possible as long as they do not violate ausality. In
the ase of a simple string without any gluons, it is easiest to plae the surfaes Ai from left to
right suh that the break points Pi are the left upper orners of Ai+1, as shown in g. 7.20: one
rst takes A1, whih denes the line L1. The rst break point P1 is generated randomly on this
line. The next surfae A2 has to be plaed in a way that does not violate ausality. The rst break
point is therefore used as a onstraint for the next one, et. Finally, if the last surfae obtained is
too large to be plaed on the rest of the string, the proedure is nished. The advantage of this
method is that no break-points are rejeted beause the ausality priniple is obeyed onstantly
throughout the whole proedure.
We generalize the method to work for any number of perturbative gluons in the following way.
Sine the elementary invariant area dA is proportional to the salar produt of the momenta of two
partons, we an easily alulate the area Aij orresponding to a sub-region Sij of the (σ, τ)-spae,
representing the intersetion of the momentum bands of the partons i and j. We nd
Aij =
∫
Sij
(
1
2
g(σ + τ)g(σ − τ)
)
dσdτ =
1
4
pi · pj , (7.37)
with pi and pj being the 4-momenta of the two partons. We now onstrut the break points in
the parameter spae rather than in Minkowski spae. One rst denes the area in the parameter
spae of allowed breakpoints as
Sbreak =
⋃
Sij, (7.38)
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Figure 7.20: The diret method of searhing break points (see text).
with the indies running as indiated in g. 7.21. To obtain a unique way of ounting the regions,
we mark bands whih ome from a left-moving band at τ = 0 with a ′. We further observe that
the outer bands 1 and 1′ as well as 5 and 5′, whih ome from the (anti-)quark-momenta, are
neighboring. It is therefore useful to redene them as one band 1 and 5′ (with double momentum),
see g. 7.21. For eah of these sub-areas Sij the orresponding area in Minkowski spae Aij is
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Figure 7.21: The area Sbreak in parameter (σ, τ) spae, before and after the redenition of the outer bands.
known (= pipj/4). One then generates areas A1, A2, A3, ...(in Minkowski spae) aording to
eq. (7.36), and plaes the orresponding areas S1, S2, S3, ...(in parameter spae) into Sbreak from
left to right suh that the break points Pi are the left upper orners of Si+1.
Let us onsider an example of ve partons (1,2,3,4,5), see g. 7.22. Suppose that we have
sampled a surfae A1. If it is smaller than the rst region A12′ , we determine S1 = S12′ ·A1/A12′
and we plae S1 into the left side of S12′ and generate the break point P1 randomly on the right
upper border of S12′ , see g. 7.22. If A1 is greater than A12′ , we subtrat A12′ from A1:
A′1 = A1 −A12′ . (7.39)
In the ase of the sum of the three areas As = A2′3′ +A13′ +A23′ being greater than A
′
1, the rst
oordinate x of the break point P1 (see g. 7.23) is determined by
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Figure 7.22: Plaing S1 into S12′ in ase of A1 < A12′ .
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Figure 7.23: The determination of the break point for the ase of a string with kinks. The regions are weighted
aording to the salar produt of their momenta.
x =
A′1
As
. (7.40)
Otherwise we ontinue the proedure orrespondingly. The y oordinate is determined as
y =

r AsA2′3′
if 0 < r < A2′3′As (region S2′3′)(
r − A2′3′As
)(
As
A13′
)
if
A2′3′
As
< r < A2′3′+A13′As (region S13′)(
r − A2′3′+A13′As
)(
As
A23′
)
if
A2′3′+A13′
As
< r < 1 (region S23′)
, (7.41)
with r being a random number between 0 and 1. This means that after having determined in
whih of the regions we nd the break point, it is plaed randomly on the world-line whih points
to the future. After having obtained the break point P1 we ontinue the proedure in the same
way by obeying to the priniple of ausality. The area to sweep over is then limited by the rst
break point as shown on g. 7.23.
In g. 7.24, we apply our hadronization proedure, referred to as diret method, as disussed
above, to alulate the distributions of xy, x, η = 12 log
(
x
y
)
, and the multipliity n of break points
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Figure 7.24: Distributions in (xy), x, 1
2
log
(
x
y
)
, and the multipliity n of break points. The full line represents
the naive method, the dashed one the diret one. The oordinates of the break points are as dened on g. 7.20.
for a quark-anti-quark string of Eq = Eq¯ = 8GeV . We ompare our results with the the naive
method, where the area of the string is divided into small elements ∆A = 8 · 8 GeV2/N2, with N
suiently large to not hange the results any more. In eah of these elements, a break point is
found with the probability λ∆A. The points whih are in the future of another one are rejeted.
The latter method is a literal realization of the area-law. As one an easily see in g. 7.24, the two
methods agree within statistial errors.
7.7 From String Fragments to Hadrons
So far, we disussed how to break a string into small piees, i.e. string fragments with invariant
masses between 0 and about two GeV. In order to identify string fragments and hadrons, we rst
have to dene the avors (= quark ontent) of the fragments, and then we have to disuss the
question of fragment masses.
Flavors of String Fragments
A string as a whole has some avor, arried by the partons at its two extremities. Additional avor
is reated (by denition) at eah break point in the form of a quark-anti-quark or a diquark-anti-
diquark pair of a ertain avor. The orresponding probabilities are free parameters of the model.
In ase of quark-anti-quark formation, we introdue the parameter pud, whih gives the probability
of avor u or d. The probability to get an s-quark is therefore 1− 2pud whih is smaller than pud
beause on the larger mass of the s quark. For diquark-anti-diquark prodution, we introdue the
orresponding probability pdiquark.
7.7 From String Fragments to Hadrons 97
Masses of String Fragments
In the following, we show how to determine the masses of string fragments, haraterized by break
points in the parameter spae.
B C
A
1
2 81 3 7 4 6 5
1
x1
2x y2
2
y
Figure 7.25: How to alulate the mass of a sub-string.
Fig. 7.25 shows an example of two break points for a string with 3 inner kinks. The momentum
bands and the regions of the their overlaps are shown: in ase of the inner bands, we have three
R-bands (2,3,4) and three L-bands (6,7,8). The bands at the extremities play a speial role, sine
we may have the orresponding R- and L-band as just one band, due to the fat that one of the
bands is reeted immediately. So, we onsider two double bands (1 and 5).
The string momentum is given as
pstring =
∫
C
[x˙dσ + x′dτ ] , (7.42)
where C is an arbitrary urve from one border (σ = 0) to the other (σ = π) in the parameter
spae. This leads to
pstring =
1
2
∫
C
(g(σ + τ) + g(σ − τ)) dσ + 1
2
∫
C
(g(σ + τ)− g(σ − τ)) dτ (7.43)
The momenta of the bands are by denition
p(i) =
{
1
2
∫
band i
g(σ − τ)dσ − 12
∫
band i
g(σ − τ)dτ if R−band
1
2
∫
band i g(σ + τ)dσ +
1
2
∫
band i g(σ + τ)dτ if L−band
, (7.44)
where one integrates along an arbitrary urve from one border of the band to the other. An
important property: an integration path parallel to a band provides zero ontribution. One has to
pay attention for the bands at the extremities: integrating only along τ = 0 represents only half
the band. We have ∑
i
p(i) = pstring. (7.45)
The momenta of the bands are related to the orresponding parton momenta as
p(i) =
{
1
2pparton if inner band
pparton if outer band
, (7.46)
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whih one veries easily by expressing g in terms of the parton momenta. The dierene between
inner and outer bands is due to the fat that the outer ones (at the extremities) represent in reality
two bands. For the example of g. 7.25, we have
p(1) = pq
p(2) = p(8) =
1
2
pg1
p(3) = p(7) =
1
2
pg2 (7.47)
p(4) = p(6) =
1
2
pg3
p(5) = pq¯
Summing over the bands, we get
8∑
i=1
p(i) = pq + pg1 + pg2 + pg3 + pq¯ = pstring, (7.48)
whih is the total momentum of the string.
For a fragment of the string, the momentum is given as
pfragm =
1
2
∫
C′
(g(σ + τ) + g(σ − τ)) dσ + 1
2
∫
C′
(g(σ + τ)− g(σ − τ)) dτ, (7.49)
where the path of the integration C′ is an arbitrary urve between two breakpoints, or between
one break point and a boundary. One may write
pfragm = pR + pL, (7.50)
with
pR =
1
2
∫
C′
g(σ − τ)dσ − 1
2
∫
C′
g(σ − τ)dτ, (7.51)
pL =
1
2
∫
C′
g(σ + τ)dσ +
1
2
∫
C′
g(σ + τ)dτ, (7.52)
where pR and pL represent sums of momenta of R-bands and L-bands. For the example of g.
7.25, we an hoose the path (1 → B), (B → 2) for the string fragment between the break points
1 and 2. Sine the rst path is parallel to all L-bands (only R-bands ontribute) and the seond
one is parallel to all R-bands (only L-bands ontribute), we nd
pfragm1−2 = p1→B + pB→2 (7.53)
with
p1→B = x1p(1) + p(2) + (1 − x2)p(3), (7.54)
pB→2 = (1− y1)pµ(7) + pµ(6) + y2pµ(5), (7.55)
where the fators x1, (1 − x1), y1, (1 − y1) represent the fat that the bands at the extremities
are only partially integrated over. The other string fragments are treated orrespondingly. For the
left string fragment, we may hose the integration path (A→ 1), for the right one (2→ C). So we
nd for the three string fragments (referred to as a, b, c) of g. 7.25 the momenta
pa = y1p(7) + p(8) + (1− x1)p(1) (7.56)
pb = x1p(1) + p(2) + (1− x2)p(3) + y2p(5) + p(6) + (1− y1)p(7) (7.57)
pc = x2p(3) + p(4) + (1− y2)p(5) . (7.58)
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It is easy to verify that the sum of the three sub-strings gives the total momentum of the string,
pa + pb + pc =
8∑
i=1
p(i) = Pstring. (7.59)
The mass squared of the string fragments is nally given as
m2fragm = p
2
fragm, (7.60)
for example
m2a = 2
(
p(1)p(8) − x1p(8)p(1) + y1
(
p(7)p(8) + p(7)p(1)
)− x1y1p(7)p(1)) , (7.61)
where we took advantage of the light-one harater of the momenta of the bands (p2(i) = 0).
Determination of Hadrons
So far, we have determined the avor f and the mass m of eah string fragment. In order to
identify string fragments with hadrons, we onstrut a mass table, whih denes the hadron type
as a funtion of the mass and the avor of the fragment. For a given avor f of the fragment,
we introdue a sequene mf1 < m
f
2 < ... of masses, suh that in ase of a fragment mass being
within an interval [mfi−1,m
f
i ], one assigns a ertain hadron hi. The masses m
f
i are determined by
the masses of the neighboring partiles. So we deide for a u − u¯ pair to be a pion if its mass is
between 0 and (140 + 770)/2 = 455 MeV. So the partile masses give a natural parameterization.
This works, however, only up to strange avor. For harm and bottom avor we hoose with a
fration 1 : 3 between pseudo-salar and vetor-mesons.
Mass Corretions
An unrealisti feature of our approah, so far, is the fat that stable partiles are in general o-
mass-shell. In order to orret for this, we employ a slight modiation of the break point suh
that the on-shell mass is imposed.
Let us again onsider the example of g. 7.25. For a given mass, the parameters x1 and
y1 desribe hyperbolas in the regions of overlapping bands (dierent ones in dierent regions).
Fig. 7.26 shows for our example some urves of onstant mass for the left sub-string (between the
Figure 7.26: The hyperbolas of onstant mass for the two sub-strings if one moves the break-point on the left side.
The solutions of the mass onditions are the rossing of the hyperbolas.
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left side and the rst break point). In the same way we nd hyperbolas of onstant mass for the
right sub-string (between the break points 1 and 2).
If two neighboring substrings are stable partiles, one needs to impose on-shell masses to both
fragments, whih amounts to nd the intersetion of the two orresponding hyperbolas.
If one has to modify the break point aording to only one mass ondition, with the mass of
the seond sub-string being still large enough not to represent a stable hadron, a possible break
point must lie on the orresponding hyperbola. To ompletely determine the point, we need a
seond ondition. Apart from the squared mass, another Lorentz invariant variable available is the
squared proper time of the break point, dened as
Γ2 = (x(σbreak, τbreak))
2
. (7.62)
So the seond ondition is the requirement that the proper time of the new break point should
oinide with the proper time of the original one. To alulate the proper time, we use eq. (7.12),
to obtain
Γ2 =
(
1
2
∫ σ+τ
σ−τ
g(ξ)dξ
)2
. (7.63)
The integration is done in the same way as for the masses, it is a summation of the momenta of
the bands or of frations of them. In the ase of our example, we nd in the region (1, 7)
Γ2 =
1
4
(
x1p(1) + p(2) + y1p(3)
)2
(7.64)
=
1
2
(
x1p(1)p(2) + y1p(2)p(3) + x1y1p(1)p(3)
)
, (7.65)
whih represents again a hyperbola in the parameter spae, as shown in g. 7.27. So nding a
Figure 7.27: Lines of onstant masses (vertial lines) and onstant proper time (horizontal lines).
new break point amounts to nding the intersetion of the two urves (hyperbolas) representing
onstant mass and proper time.
7.8 Transverse Momentum
Inspired by the unertainty priniple, a transverse momentum is generated at eah breaking, whih
means that 4-vetors p⊥ and −p⊥ are assigned to the string ends at both sides of the break
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point. First we hoose the absolute value k = |~p⊥| of the transverse momentum aording to the
distribution
f (k) ∝ e−
k
2pbreak
⊥ , (7.66)
with the parameter pbreak⊥ to be xed. We require p⊥ to be orthogonal to the momenta p(i) and
p(j) of the two interseting bands where the break point is loated. So we have
p⊥p(i) = 0 (7.67)
p⊥p(j) = 0 (7.68)
p2⊥ = −k2 . (7.69)
Tehnially this is most easily done, if we perform a Lorentz-boost into the enter of mass system
of the two momenta p(i) and p(j) followed by a rotation suh that p(i) is oriented along the z-axis.
One denes a vetor p′⊥, having the omponents
(p′⊥)o = 0 (7.70)
(p′⊥)x = k cosα (7.71)
(p′⊥)y = k sinα (7.72)
(p′⊥)z = 0 , (7.73)
α being a random angle between 0 and 2π. The transformation bak to the original system gives
the 4-vetor p⊥.
This operation modies, however, the mass of the string. In order to aount for this, we
onsider the transverse momentum as an additional band of the string. It is treated in the same
way as the others with the only exeption that we do not look for break points in this region. For
our example of g. 7.25, we obtain for the left string fragment the momentum
pa = p⊥ + y1p(7) + p(8) + (1− x1)p(1), (7.74)
rather than eq. (7.56). The modiation of the oeients of the orresponding hyperbola for the
mass orretion proedure is obvious. In the ase where we have to pass to another region to nd
a modied break point for the mass orretion, we have to perform a rotation suh that the vetor
p⊥ is transverse to the two momenta of the new region.
7.9 The Fragmentation Algorithm
In the following, we desribe the fragmentation algorithm whih is used to obtain a omplete set
of partiles from one string.
1. For a given string, we look for break points. Let n be the number of break points.
2. For eah break point, we generate a avor and a transverse momentum.
3. We hoose one break point by random and alulate the masses of the two neighboring
substrings.
4. If there is at least one mass in the region of the resonanes, we try to modify the break point
as disussed to get exatly this mass. If this is not possible, we rejet (delete) this break
point and go to step 3.
5. If the mass of a sub-string is bigger than the upper limit in the mass table, we fragment this
sub-string (go to step 1).
In this way, we an deal in an elegant manner with the kinematial onstraints. Often, break points
are rejeted when a sampled transverse momentum is too high, whih results in a negative mass
squared for a nal partile. In this ase we look for another break point with another transverse
momentum until a valid onguration is found.
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Chapter 8
Parameters
We disuss in this hapter the parameters of the model, how they are determined, and also their
values. Parameter xing is done in a systemati way, starting with the hadronization parameters
and the ones determining the time-like asade, before onsidering parton-parton-sattering and
hadron-hadron sattering.
8.1 Hadronization
The breaking probability pbreak is the essential parameter in the hadronization model to deter-
mine the multipliity and the form of the rapidity distribution. For γp, pp, pA, AA , we use a a
xed value, tted to reprodue the pion multipliity in γp sattering. For e+e−annihilation, this
parameter is onsidered to be Q dependent as
pbreak(Q) = 0.14 +
7.16GeV
Q
− 111.1GeV
2
Q2
+
855GeV3
Q3
(8.1)
in the region 14 ≤ Q ≤ 91.2 GeV, and to be onstant outside this interval. Figure 8.1 shows
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Figure 8.1: Charged partiles multipliity as a funtion of energy. The full line is for pbreak parameterized, the
dashed one for pbreak = 0.21.
the total multipliity of harged partiles in e+e− annihilation as a funtion of energy. The solid
line orresponds to the Q2 dependent pbreak, the dashed line is for pbreak = 0.21 (the value for
Q = 91GeV. In g. 8.2, we show the orresponding rapidity distributions. The eet of making
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Figure 8.2: Rapidity distributions for the parameters pbreak = 0.4 (full line) and pbreak = 0.21 (dashed).
pbreak Q-dependent shows up more in the shape of the rapidity distribution, not in the total
multipliity. The parameter pbreak⊥ , whih determines the transverse momenta of the partons at
a string break, is determined by investigating transverse momentum spetra of harged partiles.
A value of 0.50 GeV provides the best t to data onerning γp, pp, pA, AA, whereas for e+e−
a value of 0.35 GeV is more favorable. The parameter pud aets strongly kaon prodution,
we use pud = 0.44 adjusted to the multipliity of kaons. Baryon prodution is determined by
pdiquark, we use 0.08 adjusted to proton prodution in e
+e−-annihilation. In table 8.4, we give the
omplete list of hadronization parameters, with their default values. So we use absolutely the same
name value meaning
pbreak eq. (8.1) for e
+e− break probability
0.40 for γp, pp, pA, AA
pbreak⊥ 0.35 GeV for e
+e− mean transverse momentum
0.50 GeV for γp, pp, pA, AA at break
pud 0.44 probability of u-u¯ or d-d¯
pdiquark 0.08 probability of qq-q¯q
Table 8.1: Hadronization parameters.
parameters for all the reations γp, pp, pA, AA. A perfet t for e+e−requires a modiation of
two parameters, pbreak and p
break
⊥ .
8.2 Time-Like Casade
Let us disuss the parameters whih determine the time-like asade, all xed via studying e+e−
annihilation. For the pQCD parameter, we use the usual leading order value Λ = 0.2 GeV. We
have also a tehnial parameter q2fin, whih determines the lower mass limit of partons in the
time-like asade. In gure 8.3, we analyze how ertain spetra depend on this parameter. We
show rapidity, transverse momentum and multipliity distributions for partons and for harged
partiles for an e+e− annihilation at 34 GeV. We show results for dierent values of q2fin, namely
0.25 GeV2, 1.0 GeV2and 4.0 GeV2, whih means a lower mass limit of 1 GeV, 2 GeV or 4 GeV,
respetively. One sees that only parton distributions are sensitive to the hoie of this parameter,
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Figure 8.3: Rapidity, transverse momentum and multipliity distributions for partons (left olumn) and for harged
partiles (right olumn). The urves orrespond to the parameters q2
fin
= 0.25, 1.0, 2.0 (full, dashed, dotted). Only
parton distributions exhibit strong sensitivity to the value of q2
fin
.
whereas the orresponding harged partile spetra exhibit rather week dependene on it. This an
be explained from the fat that dereasing q2fin mainly results in prodution of additional partons
with transverse momenta p2⊥ ∼ q2fin and suh soft ollinear partons hardly aet the fragmentation
proedure, whih is in this sense infrared stable. The number Nf of ative avors is taken to be
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5 for e+e− annihilation, whereas for γp, pp, pA, AA we use for the moment Nf = 3. In table 8.2
we show the asade parameters and their default values.
name value meaning
Λ 0.2 GeV pQCD parameter
q2fin 0.25 GeV
2
transverse momentum uto
Nf 5 for e
+e− ative avors
3 for γp, pp, pA, AA
Table 8.2: Time-like asade parameters.
8.3 Parton-Parton Sattering
There is rst of all the parameter Q0 whih denes the borderline between soft and hard proesses,
where one has to hoose a reasonable value (say between 1 and 2 GeV
2
).
Then we have a ouple of parameters haraterizing the soft Pomeron: the interept αsoft(0)
and the slope α′soft of the Pomeron trajetory, the vertex value γpart and the slope Rpart for the
Pomeron-parton oupling, and the harateristi hadroni mass sale s0. We have two parame-
ters, βg and wsplit, haraterizing the oupling between the soft Pomeron and the parton ladder.
Whereas for s0 one just hooses some reasonable value and Rpart is taken to be zero, one xes
the other parameters by trying to get a good t for the total ross setion and the slope parameter
for proton-proton sattering as a funtion of the energy as well as the struture funtion F2 of deep
inelasti lepton-proton sattering.
Conerning the hard sattering part, the resolutions sale p2⊥res and the K-fator K are xed
suh that the standard parton evolution is reprodued.
Finally, we have the triple Pomeron oupling weight r3IP, whih is xed by as well heking the
energy dependene of the proton-proton total ross setion.
name value meaning
Q20 1.5 GeV
2
soft virtuality uto
s0 1 GeV
2
soft mass sale
αsoft(0) 1.054 Pomeron interept
α′soft 0.21 GeV−2 Pomeron slope
γpart 1.11GeV
−1
Pomeron-parton oupling vertex
Rpart 0 Pomeron-parton oupling slope
βg 0.5 Pomeron-ladder oupling parameter
wsplit 0.15 Pomeron-ladder oupling parameter
p2⊥res 0.25 GeV
2
resolutions sale
K 1.5 K-fator
r3IP 0.0096 GeV
−1
triple Pomeron oupling onstant
Table 8.3: Parton-parton sattering parameters.
The values of these parameters are shown in table 8.3.
8.4 Hadron-Hadron Sattering
Let us rst disuss the parameters related to the partoni wave funtion of the hadron h (for nu-
merial appliations we only onsider nuleons: h = N). The transverse momentum distribution is
haraterized by the hadroni Regge radius squared R2N , the longitudinal momentum distributions
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are given in terms of two exponents, αNremn and αpart. The latter one is taken to be independent
of the hadron type as 2αIR(0) − 1, with the usual Reggeon interept αIR(0) = 1/2. The param-
eter RN also aets the proton-proton total ross setions, whereas α
N
remn an be determined by
investigating baryon spetra (but it also inuenes the total ross setion).
There are several more parameters, whih have not been mentioned so far: the remnant ex-
itation probability premn.ex and the exponent αremn.ex, whih gives a remnant mass distribution
as (
M2
)−αremn.ex
. (8.2)
The minimum string mass mstringmin assures that Pomerons with string masses less than this
minimal mass are ignored. The partons dening the string ends are assumed to have transverse
momenta aording a Gaussian distribution with a mean value p⊥SE. Dirative sattering is
assumed to transfer transverse momentum aording to a Gaussian distribution, with a mean
value p⊥diff . The parameter mstringmin is taken to be just slightly bigger than two times the pion
mass to allow at least string fragmentation into two pions. The other parameters an be xed by
omparing with experimental inlusive spetra.
name value meaning
R2N 2 GeV
−2
parton-hadron oupling slope
αpart 0 partiipant exponent
αNremn 1.5 remnant exponent
premn.ex 0.45 remnant exitation probability
αremn.ex 1.4 remnant exitation exponent
mstringmin 0.29 GeV minimal string mass
p⊥SE 0.21 GeV mean p⊥ for string ends
p⊥diff 0.35 GeV mean p⊥ for dirative sattering
Table 8.4: hadron-hadron sattering parameters (for the ase of nuleons).
In table 8.4, we show the numerial values of the parameters.
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Chapter 9
Testing Time-like Casade and
Hadronization: Eletron-Positron
Annihilation
Eletron-positron annihilation is the simplest possible system to test the time-like asade as well
as the model of fragmentation, sine the deay of a virtual photon in eletron-positron annihila-
tion gives a quark and an anti-quark, both emitting a asade of time-like partons, whih nally
hadronize.
Eletron-positron annihilation is therefore used to test both the time-like asade and the
hadronization model, and in partiular to x parameters.
The simulation of an eletron-positron annihilation event an be divided into three dierent
stages:
1. The annihilation into a virtual photon or a Z boson and its subsequent deay into a quark-
anti-quark pair (the basi diagram).
2. The evolution of the quark and the anti-quark into on-shell partons by radiation of pertur-
bative partons (time-like asade).
3. The transition of the partoni system into hadrons via a fragmentation model (hadronization).
These stages are disussed in the following setions.
After having desribed the three stages of eletron-positron annihilation, we will be able to test
the model against numerous data available. We will show omparisons with experimental results
at low energies at PETRA (DESY), by the TASSO ollaboration [36℄. The enter-of-mass energies
are 14, 22 and 34 GeV. Higher energies are reahed at LEP, where we ompare espeially with
results for 91.2 GeV, the Z0 mass, where a big number of events has been measured.
By omparing with data, we will be able to x the essential parameters of the hadronization
model, namely pbreak, pud, pdiquark and p
break
⊥ . The free parameters in the parton asade are
the pQCD saling parameter Λ and q2fin, representing the minimum transverse momentum for
a branhing in the asade. For the pQCD parameter, we use the usual leading order value
Λ = 0.2 GeV. The inuene of the tehnial parameter q2fin has been investigated in detail.
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9.1 The Basi Diagram
e+
e−
γ∗, Z0∗
q
q¯
Figure 9.1: Eletron-positron annihilation.
The rst order dierential ross setion for the proess
e+ e− → γ∗ orZ → q q¯ (9.1)
is given as [29℄
dσ
d cos θ
=
πα2
2s
[ (
1 + cos2 θ
) {
q2f − 2qfVeVfχ1(s) +
(
A2e + V
2
e
) (
A2f + V
2
f
)
χ2(s)
}
+ cos θ {−4qfAeAfχ1(s) + 8AeVeAfVfχ2(s)}
]
(9.2)
with
χ1(s) = κ
s(s−M2Z)
(s−M2Z)2 + Γ2ZM2Z
, (9.3)
χ2(s) = κ
2 s
2
(s−M2Z)2 + Γ2ZM2Z
, (9.4)
where κ is given as
κ =
√
2GFM
2
Z
16πα
.
Here, α is the ne struture onstant, qf the quark avor, Mz the mass of the Z boson, ΓZ its
deay width. The vetor and axial oupling fators are
Vf = T
3
f − 2qf sin2 θW , Af = T 3f (9.5)
and
T 3f =
{
1
2 if f = ν, u, c
− 12 if f = e, d, s, b
. (9.6)
θW is the Weinberg mixing angle. The Fermi onstant
GF =
√
2g2W
8M2W
(9.7)
is expressed via the weak oupling g2W = 4πα/ sin
2 θW and the W-boson massMw. At low energies,
s≪M2Z , we reover the well known formula
σ =
4πα2
3s
q2f . (9.8)
The fators χ1(s) and χ2(s) orrespond to the intermediate Z-boson state and to the photon-Z-
boson interferene, respetively. Formula (9.2) an now be used to generate an initial quark-anti-
quark pair.
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9.2 The Time-like Parton Casade and String Formation
If one onsiders a quark and an anti-quark oming from the deay of a virtual photon or Z-boson to
be on-shell, this amounts to a lowest order treatment. At high energies, a perturbative orretion
has to be done. Sine it is diult to alulate the higher order Feynman diagrams exatly, one
uses the so-alled DGLAP evolution equations, whih desribes the evolution of a parton system
with leading logarithmi auray. This amounts to suessively emitting partons (time-like parton
asade, see g. 9.2). This has been disussed in detail in onnetion with the parton prodution
γ* / Z0*
e
e
+
q
q
-
Figure 9.2: Time-like parton asade.
in proton-proton or nuleus-nuleus ollisions. We use exatly the same method here. Even for
determining three momenta of the primary quark and anti-quark, we do not need any new input,
sine this orresponds exatly to the ase of the time-like asade of the two partons involved in
the Born sattering in hadroni ollisions.
The fat that we use one and the same proedure for the time-like parton asade in all the
dierent reations, allows us to test elements of hadroni interations in a muh simpler ontext
of elementary eletron-positron interations.
(a) (b)
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Figure 9.3: Forming strings for an e+e− event.
The nal step is the hadronization of the above-mentioned parton onguration. Here we use
the string model, as in ase of pp or γp sattering. The string formation in e+e− is muh simpler
than in proton-proton sattering, where the ut Pomeron is represented as a ylinder. The struture
of an e+e− event is planar in the sense that the whole event an be represented on a plane. So we
simply plot the diagram on a plane with only one ut line. In g. 9.3(a), we present a half-plane
(on one side of the ut) for the amplitude shown in g. 9.2. The dotted line represents the ut.
There are a ouple of partons rossing the ut, indiated by dots. As in the ase of proton-proton
or photon-proton sattering, we identify the ut line as a kinky relativisti string, with the partons
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representing the kinks. So in our example, we have a kinky string with six kinks, two external
ones and four internal ones. We then apply the usual hadronization proedure, disussed earlier
in detail, in order to alulate hadron prodution from a fragmenting string, see g. 9.3(b).
9.3 Event Shape Variables
We start our presentation of results by onsidering the so-alled event-shape variables, whih
desribe the form of an e+e− event in general. For example, one is interested in knowing whether
the partile momenta are essentially aligned along a ertain axis, distributed isotropially over the
phase spae, or lying more or less in a plane. In the gs. 9.4 to 9.8, we are going to ompare
our alulated distributions of several event-variables with data. Let us rst disuss the dierent
event-shape variables, one after the other.
Spheriity
The spheriity is dened by the eigenvalues of the spheriity tensor,
Sαβ =
∑
i
(pi)
α(pi)
β , (9.9)
where i sums all partiles and pα is the partile four-momentum. One nds three eigenvalues λi
with λ1 < λ2 < λ3 and λ1 + λ2 + λ3 = 1. The spheriity is then dened as
S =
3
2
(λ1 + λ2) . (9.10)
For a perfetly isotropi event, one nds λ1 = λ2 = λ3 = 1/3 and therefore S = 1. An event
oriented along one axis gives S = 3/2(0 + 0) = 0 .
To test whether an event has planar geometry, one denes the aplanarity
A =
3
2
λ1 . (9.11)
For events in a plane we will nd λ1 = A = 0. The maximum of this value is A = 3/2 · 1/3 = 1/2
for an isotropi event, sine the eigenvalues are ordered.
The three eigenvetors
−→v 1,2,3 of the matrix Sαβ an be used to dene a oordinate system.
C and D Parameters
The C-parameter is dened by
C = 3 (λ1λ2 + λ1λ3 + λ2λ3) , (9.12)
with λ1,2,3 being the eigenvalues of the tensor
Mαβ =
∑
i
pαi p
β
i
|pi|∑
i |pi|
. (9.13)
The D -parameter is
D = 27λ1λ2λ3 . (9.14)
These values measure the multiple jet-struture of events. For small values of C two of the
eigenvalues are lose to zero, we have a two-jet event. If one of the three eigenvalues is lose to
zero, the D-parameter is approahing zero as well, we have at least a planar event.
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Figure 9.4: The spheriity and thrust for the energies 14 GeV, 22 GeV and 34 GeV.
Thrust
The thrust of an event is dened as
T = max
~n
∑
j |~n · ~pj |∑
j |~pj |
. (9.15)
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Figure 9.5: Event shape variables at 91.2 GeV. The data (dots) are from the DELPHI ollaboration [37℄.
The vetor ~nthrust, whih maximizes this expression, denes the thrust axis. A two-jet event will
give a thrust value of 1 and a thrust axis along the two jets. An isotropi event gives T ∼ 1/2.
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Figure 9.6: Event shape variables for 133 GeV. The data (dots) are from OPAL ollaboration [38℄.
One an repeat the same algorithm with the imposed ondition ~n ⊥ ~nthrust; this gives an
expression for the major M with the axis ~nMajor.
A third variable, the minor m, is obtained by evaluating the above expression with ~n ⊥ ~nthrust
and ~n ⊥ ~nMajor, the axis being already given. Eah of these values desribes the extension of the
event perpendiular to the thrust axis. Similar values forM and m desribe therefore a ylindrial
event. For this, the oblateness is dened as O = M − m whih, as the aplanarity, desribes a
ylindrial event for O = 0 an a planar event for higher values.
Jet Broadening
In eah hemisphere, the sum of the transverse momenta of the partiles relative to the thrust axis
is divided by the sum of the absolute values of the momenta.
B± =
∑
±~p.~nthrust>0 |~pi × ~nthrust|
2
∑
i |~pi|
(9.16)
The greater B+ is, the greater is the mean transverse momentum. One denes in addition the
following variables,
Bwide = max(B+, B−), Bnarrow = min(B+, B−), (9.17)
Btotal = B+ +B−, Bdiff = |B+ −B−| , (9.18)
to ompare jet broadening in both hemispheres. For small Bwide, one nds a longitudinal event,
Bdiff measures the asymmetry between the two hemispheres.
Heavy Jet or Hemisphere Mass
The variable M2h is dened as
M2h = max

 ∑
~pi ·˙~nthrust>0
pi
2 ,
 ∑
~pi ·˙~nthrust<0
pi
2
 . (9.19)
116 9 Testing Time-like Casade and Hadronization: Eletron-Positron Annihilation
10
-2
1
10 2
0 0.1 0.2 0.3
 Bw
 
1/
N
 d
N
/d
B w   wide jet broadening
10
-1
1
10
0 0.2
 Bt
 
1/
N
 d
N
/d
B t   total jet broadening
10
-1
1
10
0 0.1 0.2 0.3
 (1-T)
 
1/
N
 d
N
/d
(1-
T)  1-thrust
10
-1
1
10
0 0.25 0.5
 M
 
1/
N
 d
N
/d
M  Major
10
-1
1
10
0 0.1 0.2 0.3
 m
 
1/
N
 d
N
/d
m  Minor
10
-1
1
10
0 0.2 0.4
 O
 
1/
N
 d
N
/d
O  Oblateness
10
-2
1
10 2
0 0.25 0.5
 S
 
1/
N
 d
N
/d
S
 Sphericity
10
-1
1
10
10 2
0 0.05 0.1
 A
 
1/
N
 d
N
/d
A  Aplanarity
10
-3
10
-1
10
0 0.5 1
 C
 
1/
N
 d
N
/d
C
 C-Parameter
Figure 9.7: Event shape variables for 161 GeV. The data (dots) are from OPAL ollaboration [38℄.
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Figure 9.8: Thrust, minor and major for 91 GeV (full line), 133 GeV (dashed) and 161 GeV (dotted).
and orresponds to the maximal invariant mass squared of the hemispheres. The orresponding
formula with min instead of max denes the variable Ml. One denes as well Mdiff = Mh −
Ml. Usually one analyzes distributions of
M2h
E2
vis
,
M2l
E2
vis
or
M2diff
E2
vis
, whih desribe the squared masses
normalized to the visible energy.
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Some Comments
Fig. 9.4 shows the distributions of spheriity and thrust for the lower energies 14, 22 et 34 GeV.
Even though one expets an inreasing ontribution of perturbative gluons, whih is onrmed by
the inlusive hadron distributions (see next setion), the events are more longitudinal at higher
energies, orresponding to the values of thrust lose to 1 and to the spheriity S ≃ 0 . This an
be explained by the fat that the leading quarks dominate the event shape. The results for higher
energies (gs. 9.5, 9.6, 9.7) onrm the above statements.
In gs. 9.5, 9.6, 9.7, we show also the distributions of other event variables, like heavy jet mass,
Major, et. In general, our model desribes quite well all these event shape variables.
9.4 The Charged Partile Distributions
We will now onsider the distributions of harged partiles, whih by denition ontain all the
partiles with a deay time smaller than 10−9s, i.e. the spetra ontain, for example, produts of
deay of K0short, while K
±
are onsidered stable. The deay produts of strange baryons are also
inluded in the distributions.
In g. 9.9, we plot multipliity distributions of harged partiles for three dierent energies,
where one observes an obvious inrease of the multipliity with energy. In g. 9.10, we show the
distributions of the absolute value of the rapidity for the energies 14 GeV, 22 GeV, 34 GeV, 91.2
GeV, 133 GeV and 161 GeV. The rapidity is dened as y = 0.5 ln((E + pz)/(E − pz)), where the
variable pz may be dened along the thrust axis or along the spheriity axis. For both, multipliity
and rapidity distributions, the theoretial urves agree well with the data.
The multipliity inreases faster than < nch >= a+ b ln s as a funtion of s [39℄, whih is due
to the fat that the maximal height of the rapidity distribution inreases with energy, as seen in
g. 9.10. This omes from radiated gluons, leading to kinky strings, sine a at string without
gluons shows an inreasing width but a onstant height, as one an see in g. 9.11. Here, the
rapidity distributions of harged partiles are plotted for the fragmentation of a at d− d¯ string for
the energies 14, 22 and 34 GeV. One observes that the width of the distributions inreases whereas
its height does not hange, giving rise to a proportionality to ln s. Additional hard gluons with
non-ollinear momenta inrease the multipliity in the mid-rapidity region.
Rather than the rapidity, one may onsider the saled momentum xp = 2|~pi|/E or the saled
energy xE = 2Ei/E, as well as the rapidity-like variable ξ = − lnxp. Conerning the ξ distribu-
tions shown in g. 9.12, one sees that the value ξmax orresponding to the maximum of the urves
inreases with energy. The xp distributions (see g. 9.13) show the development of a more and
more pronouned peak at xp lose to zero, with inreasing energy.
Having disussed in detail the variables desribing the longitudinal phase spae, we now turn
to transverse momentum, whih an be dened aording the the spheriity axis or to the thrust
axis. One writes
pin⊥ =
{ |~v2 · ~p| for spheriity
|~nmajor · ~p| for thrust , (9.20)
and
pout⊥ =
{ |~v3 · ~p| for spheriity
|~nminor · ~p| for thrust , (9.21)
There are mainly two soures of transverse momentum. The rst one is the transverse momen-
tum reated at eah string break. The seond one is the transverse momentum from hard gluon
radiation, whih an be muh larger than the rst one. So we nd large values of p⊥ in the event
plane, and smaller ones out of the event plane. Here the event plane is essentially dened by the
diretion of the hardest gluon emitted.
Let us have a look at transverse momenta of harged partiles oming from a string deay for
dierent energies (see g. 9.14). As expeted, the urves show the same behavior. In the same
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Figure 9.9: Multipliity distributions for harged partiles.
gure, we show the results for an e+e− annihilation at 14 GeV. Already at 14 GeV the inuene
of parton radiation is important. Fig. 9.15 shows the results for 14-34 GeV . Our results agree
well with data from the TASSO ollaboration [36℄. One an see how transverse momenta inrease
with the energy as an indiation of more hard gluon radiation: the pout⊥ distributions hange little,
whereas the pin⊥ distributions get muh harder at high energies as ompared to lower ones.
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Figure 9.10: Rapidity distributions for harged partiles.
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Figure 9.11: Rapidity distribution of harged partiles for at strings at 14 GeV (full), 22 GeV (dashed ) and 34
GeV (dotted). The height of the distribution does not hange, but its width does.
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Figure 9.12: ξ = − lnxp distributions of harged partiles at the energies 91 GeV, 133 GeV and 161 GeV.
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Figure 9.13: xp distributions of harged parti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Figure 9.14: Transverse momentum spe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harged parti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at string at energies 14, 22 and 34 GeV
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tra of 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Figure 9.16: Transverse momentum spetra of harged partiles at 91, 133 and 161 GeV.
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9.5 Identied Parti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Figure 9.17: Longitudinal momentum fration distributions for dierent identied hadrons at
√
s = 29 GeV.
In this setion we onsider inlusive spetra of identied hadrons. This provides a ruial test
of the fragmentation model and allows to x the two hadronization parameters pud et pdiquark. The
rst one gives the probability to nd a pair u− u¯ or d− d¯, xing so the strangeness probability to
be (1− 2pud). The parameter pdiquark determines the multipliity of baryons.
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Figure 9.18: Longitudinal momentum fration distributions for dierent identied hadrons at
√
s = 29 GeV.
Let us look at spetra at 29 GeV obtained at SLAC ([40℄, [41℄) (gs. 9.17, 9.18) and at 91 GeV
at LEP (gs. 9.19, 9.20, 9.21). Sine the total multipliity is dominated by small x-values, we show
this regions separately for some gures. The results are in general quite good, however, K∗'s are
underestimated.
For harmed partiles, there is no prodution from the string deay due to the large mass of
the c − c¯ pair. The orresponding probability pcharm is taken to be zero. Charmed quarks ome
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Figure 9.19: Longitudinal momentum fration distributions for dierent identied hadrons at
√
s = 91 GeV.
therefore diretly from the deay of the virtual photon as well as from perturbative parton asade.
This explains as well the drop of D spetrum at small xp.
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Figure 9.20: Longitudinal momentum fration distributions for dierent identied hadrons at
√
s = 91 GeV.
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Figure 9.21: Longitudinal momentum fration distributions for dierent identied hadrons at
√
s = 91 GeV.
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9.6 Jet Rates
Jet multipliities play an important role in e+e− physis sine their measurements proved the
validity of perturbative QCD. The rst 3-jet event was found in 1979. Fig. 9.22 shows this
Figure 9.22: The rst 3-jet event [39℄.
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Figure 9.23: Jet rates at 91.2 GeV alulated with the DURHAM algorithm as a funtion of ycut. The rates for
2, 3, 4 and 5 jets are shown.
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Figure 9.24: Jet rates at 133 GeV GeV (top) et 161 GeV (bottom) for the two algorithms DURHAM and JADE.
historial event.
There are several methods to determine the number of jets in an event, but they are all based
on some distane yij between two partiles i and j in momentum spae, something like an invariant
mass. For the JADE algorithm one denes [42℄
yij =
2EiEj(1− cos θij)
E2vis
, (9.22)
θij being the angle between the two partiles, and for the algorithm DURHAM one has [43℄
yij =
2min(E2i , E
2
j )(1 − cos θij)
E2vis
. (9.23)
Evis is the total visible energy of all the partiles whih ontribute to the jet nding. The algorithm
works as follows: one determines the pair with the lowest distane y and replaes it with one pseudo-
partile having the sum of the momenta of the two partiles i and j : pµ = pµi + p
µ
j . One repeats
this until all pairs of pseudo-partiles have a distane greater than ycut. The number of jets is then
the total number of pseudo-partiles. Of ourse, this depends on the hoie of ycut. Therefore one
displays often the jet multipliity distribution as a funtion of ycut .
Let us ompare the jet rates for dierent energies. Fig. 9.23 shows the jet rates for 91.2 GeV,
g. 9.24 for 133 and 161 GeV. The greater is ycut the smaller is the number of jets.
Chapter 10
Testing the Semi-hard Pomeron:
Photon-Proton Sattering
It is well known that both photon-proton (γ∗p) sattering and hard proesses in proton-proton (pp)
ollisions an be treated on the basis of perturbative QCD, using the same evolution equations. In
both ases, the perturbative partons are nally oupled softly to the proton(s). This provides a
very useful onsisteny hek: any model for (semi)hard proton-proton ollisions should be applied
to photon-proton sattering, where a wealth of data exists, mainly from deep inelasti eletron-
proton sattering (DIS). In partiular the soft oupling to the protons is not alulable from rst
priniples, so photon-proton sattering provides a nie opportunity to test the sheme.
Let us disuss the relation between γ∗p and pp sattering. In gure 10.1, we show the ut
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Figure 10.1: The ut diagram representing photon-proton (γ∗p) sattering.
diagram (integrated squared amplitude), representing a ontribution to photon-proton sattering:
a photon ouples to a quark of the proton, where this quark represents the last one in a asade of
partons emitted from the nuleon. In the leading logarithmi approximation (LLA) the virtualities
of the partons are ordered suh that the largest one is lose to the photon [9, 8℄. Comparing
the ut diagram for γ∗p (gure 10.1) with the ut diagram representing a semi-hard elementary
proton-proton sattering (gure 10.2), we see immediately that the latter one is essentially made of
two γ∗p diagrams, glued together by a Born proess. So, understanding γ∗p implies understanding
an elementary nuleon-nuleon interation as well. Atually, probably everybody agrees with
this statement, whih is nothing but the fatorization hypothesis, proved in QCD [44℄, and the
standard proedure to alulate inlusive ross setions in proton-proton sattering amounts to
using input from the DIS struture funtions. But one an prot muh more from studying γ∗p,
for example, onerning the prodution of hadrons. Not being alulable from rst priniples, the
hadronization of parton ongurations is a deliate issue in any model for proton-proton (or nuleus-
nuleus) sattering. So studying γ∗p provides an exellent possibility to gauge the hadronization
proedure, suh that there is no freedom left on the level of nuleon-nuleon (or nuleus-nuleus)
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Figure 10.2: The universality hypothesis implies that the upper and the lower part of the Pomeron diagram are
idential to the photon-proton diagram.
sattering.
The simple piture, depited at the g. 10.1, is orret for large virtualities, but it fails when
the photon virtuality beomes small. In that ase a virtual photon behaves to a large extent as a
hadron and is haraterized by some parton ontent instead of interating with a proton just as a
point-like objet. Then the ontribution of so-alled resolved photon interations - see g. 10.3 -
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Figure 10.3: The ut diagram representing resolved photon-proton (γ∗p) sattering.
is important and has to be taken into aount properly for the desription of hadron prodution
in DIS. Only then one may dedue the parton momentum distributions of the proton from the
measured virtual photon-proton ross setion σγ
∗p
.
10.1 Kinematis
In the following, we onsider photon-proton ollisions in the ontext of eletron-proton sattering.
We rst reall the basi kinemati variables, see g. 10.4. We use standard onventions: k, k′, and
p are the four-momenta of inoming and outgoing lepton and the target nuleon, q = k − k′ is
the four-momentum of the photon. Then the photon virtuality is Q2 = −q2, and one denes the
Bjorken x-variable as
xB =
Q2
2(pq)
. (10.1)
The y-variable is dened as
y =
(pq)
(pk)
=
2(pq)
s
=
Q2
xBs
, (10.2)
whih gives the energy fration of the photon relative to the inident eletron in the proton rest
frame. In the above formula we used
s = (k + p)2, (10.3)
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Figure 10.4: Kinematis of eletron-proton sattering.
being the total enter-of-mass squared energy and negleted the proton and eletron masses, p2 ≃ 0,
k2 ≃ 0. For the enter-of-mass squared energy of photon-proton interation, we use
sˆ = (p+ q)2, (10.4)
and we nally dene the variable
s˜ = sˆ+Q2 = 2 (pq) = ys, (10.5)
whih allows to write
xB =
Q2
s˜
. (10.6)
It is often onvenient to take s˜ and Q2 as the basi kinematial variables instead of xB and Q
2
.
10.2 Cross Setions
The dierential ross setion for deep inelasti eletron-proton sattering in the one-photon ap-
proximation an be written as [29℄
dσep
(
s, xB, Q
2
)
dQ2dxB
=
α
πQ2xB
[
LγT (y)σ
γ∗p
T (s˜, Q
2) + LγL(y)σ
γ∗p
L (s˜, Q
2)
]
, (10.7)
where σγ
∗p
T (L)(s˜, Q
2) are the ross setions for interations of transversely (longitudinally) polarized
photons of virtuality Q2 with a proton, α is the ne struture onstant and fators Lγ
∗
T (L)(y) dene
the ux of transversely (longitudinally) polarized photons,
LγT (y) =
1 + (1− y)2
2
LγL(y) = (1− y). (10.8)
The ross setions σγ
∗p
T (L)(s˜, Q
2) are related to the proton struture funtions F2, FL, desribing the
proton struture as seen by a virtual photon probe, as
F2(xB, Q
2) =
Q2
4π2α
[
σγ
∗p
T
(
s˜, Q2
)
+ σγ
∗p
L
(
s˜, Q2
)]
(10.9)
FL(xB, Q
2) =
Q2
4π2α
σγ
∗p
L
(
s˜, Q2
)
(10.10)
To the leading logarithmi auray one has to take into aount a number of proesses, on-
tributing to σγ
∗p
T (L)(s˜, Q
2). In the ase of transverse polarization of the photon, we have three on-
tributions: the diret oupling of the virtual photon γ∗ to a light quark from the proton (light),
the diret oupling to a harm quark (harm), and nally we have a resolved ontribution, i.e.
σγ
∗p
T (s˜, Q
2) = σγ
∗p
T (light)(s˜, Q
2) + σγ
∗p
T (charm)(s˜, Q
2) + σγ
∗p
T (resolved)(s˜, Q
2). (10.11)
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The latter one is beoming essential at small Q2 and large s˜. For our study, ontributions of
beauty and top quarks an be negleted. The longitudinal photon ross setion reeives leading
order ontributions only from the diret γ∗-oupling to a harm quark. So we have
σγ
∗p
L (s˜, Q
2) = σγ
∗p
L(charm)(s˜, Q
2). (10.12)
Again, ontributions of beauty and top quarks an be negleted.
Let us list the dierent ontributions. The leading order light quark-γ∗ oupling ontribution
(light) an be expressed via the quark momentum distributions in the proton fq/p
(
xB, Q
2
)
as
σγ
∗p
T (light)(s˜, Q
2) =
4π2α
Q2
∑
i∈{u,d,s,u¯,d¯,s¯}
e2i xB fi/p
(
xB , Q
2
)
, (10.13)
where e2q is the quark q eletri harge squared.
The ontributions of heavy quarks an be taken into aount via photon-gluon fusion (PGF)
proess [45℄,
σγ
∗p
T/L(charm)(s˜, Q
2) = e2c
∫
dx− dp2⊥
dσγ
∗g→cc¯
T/L
(
x−s˜, Q2, p2⊥
)
dp2⊥
fg/p
(
x−,M2F
)
, (10.14)
where fg/p
(
x−,M2F
)
is the gluon momentum distribution in the proton at the fatorization sale
M2F , and where the photon-gluon ross setion in lowest order is given as
dσγ
∗g→cc¯
T/L
(
s˜, Q2, p2⊥
)
dp2⊥
=
1
16πs˜sˆ
√
1− 4(p2⊥ +m2c)/sˆ
∣∣∣Mγ∗g→cc¯T/L (s˜, Q2, p2⊥)∣∣∣2 (10.15)
with sˆ = s˜−Q2, and with the orresponding matrix elements squared given as∣∣∣Mγ∗g→cc¯T (s˜, Q2, p2⊥)∣∣∣2 = πααs [( t′u′ + u′t′
)
Q4 + sˆ2
s˜2
(10.16)
+
2m2c s˜
2
t′2u′2
(
Q2 − 2m2c
)
+
4m2c
t′u′
(
s˜− 2Q2)]∣∣∣Mγ∗g→cc¯L (s˜, Q2, p2⊥)∣∣∣2 = 8πααs( sˆQ2s˜2 − m2cQ2t′u′
)
(10.17)
Here, the variables t′, u′ are expressed via standard Mandelstam variables for parton-parton sat-
tering as t′ = t−m2c , u′ = u−m2c . Aording to [45℄, the fatorization sale M2F has to be hosen
irrespetively to the photon virtuality Q2 to assure the perturbative stability of the result; we use
M2F = p
2
⊥ +m
2
c , whih oinides at large sˆ with the virtuality (o-shellness) of the intermediate
t-hannel c-quark |t′|, with mc = 1.6 GeV being the c-quark mass.
In addition, at small Q2 and large s˜, the ontribution of resolved photon proesses beomes
important for the prodution of parton jets of transverse momenta p2⊥ > Q
2
. Here,
σγ
∗p
T (resolved)(s˜, Q
2) =
∫
dx+ dx− dp2⊥
∑
i,j
dσijBorn
(
x+x−sˆ, p2⊥
)
dp2⊥
(10.18)
× fi/γ∗
(
x+,M2γ , Q
2
)
fj/p
(
x−,M2p
)
θ
(
p2⊥ −Q2
)
where sˆ = s˜−Q2 is the .m. energy squared for γ∗-proton interation, dσijBorn/dp2⊥ is the dierential
partoni ross setion, fi/γ∗ is the parton momentum distribution in the photon, M
2
p , M
2
γ are the
fatorization sales for the proton and photon orrespondingly. As in hadron-hadron sattering, we
use M2p = p
2
⊥/4, whereas for the photon we take M
2
γ = 4p
2
⊥. This requires some more explanation.
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To the leading order auray, the fatorization sales are rather undened as the dierene between
the results, obtained for dierent sale hoies, is due to higher order orretions. The sheme would
be sale independent only after summing up all order ontributions both in the struture funtions
and in the partoni ross setion. High p⊥ jet prodution in γ∗-proton interation is known to
obtain essential ontributions from next to leading order (NLO) diret proesses [46℄. As it was
shown in [46℄, the sum of the leading order resolved γ∗-proton ross setion and the NLO diret
one exhibits a remarkable independene on the sale M2γ for the prodution of parton jets with
p⊥ > Q, where Q is the photon virtuality. So our strategy is to hoose M2γ suh that it allows to
represent eetively the full ontribution by the leading order resolved ross setion.
10.3 Parton Momentum Distributions
The ross setions mentioned in the preeding setion are all expressed via the so-alled parton
distribution funtions fi/a, representing the momentum fration distribution of parton i inside
partile a (proton or photon). In this setion, we are going to disuss these distribution funtions.
We are rst disussing parton distribution funtions of the proton. They are represented by
the hadroni part of the photon-proton diagram, i.e. the diagram without the external photon line.
As mentioned before, this diagram is also a building blok of one of the the elementary diagrams
of pp sattering, and one an therefore repeat literally the argumentation of the hapter 2. In
pp sattering, we have (apart of the soft one) four ontributions, sine on eah side the parton
ladder ouples to the nuleon either via a soft Pomeron or it onnets diretly to a valene quark.
In addition, there is a triple Pomeron diagram. Corresponding we have here three ontributions,
referred to as sea, triple Pomeron, and valene .
The Sea Contribution
The sea ontribution ontains the perturbative parton asade, desribed as a parton ladder with
stritly ordered virtualities, and the non-perturbative soft blok, dominated by the soft Pomeron
asymptotis, see g. 10.5. We obtain the momentum distribution f1IPi/p(sea)
(
x,M2F
)
of the parton
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Figure 10.5: The diagram orresponding to the parton distribution funtions.
i at the virtuality sale M2F in the proton as the onvolution of three distributions (see g. 10.5):
the inlusive parton Fok state distribution in the proton F˜
(1)
p (x0) (see eq. (C.18)),
F˜ (1)p (x0) = F
p
remn(1− x0)F ppart(x0), (10.19)
the distribution for the parton momentum share in the soft Pomeron Ejsoft(z) (see eqs. (B.21-B.22)),
and the QCD evolution funtion EjiQCD
(
z,Q20,M
2
F
)
:
f1IPi/p(sea)
(
x,M2F
)
=
∑
j
∫ 1
x
dx0
x0
∫ x0
x
dx1
x1
× F˜ (1)p (x0) Ejsoft
(
x1
x0
)
EjiQCD
(
x
x1
, Q20,M
2
F
)
, (10.20)
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see g. 10.5. This equation may be written as
f1IPi/p(sea)
(
x,M2F
)
=
∑
j
∫ 1
x
dx1
x1
ϕ1IPj/p(sea)(x1) E
ji
QCD
(
x
x1
, Q20,M
2
F
)
, (10.21)
where ϕ1IPj/p(sea)(x1) by onstrution orresponds to the distribution at the initial sale Q
2
0,
ϕ1IPj/p(sea)(x1) =
∫ 1
x1
dx0
x0
F˜ (1)p (x0)E
j
soft
(
x1
x0
)
(10.22)
Here we use the same expressions for F premn(x), F
p
part(x), and E
j
soft(z) as in the ase of proton-proton
or nuleus-nuleus sattering, see eqs. (C.20-C.21), (B.21-B.22).
The Triple Pomeron Contribution
We have to take also into aount triple-Pomeron ontributions f3IPi/p(sea)
(
x,M2F
)
to gluon and
sea quark momentum distributions. The latter ones are dened by the diagrams of g. 5.6 with
the upper ut Pomeron being replaed by the half of the sea-sea type semihard Pomeron whih
onsists from a soft Pomeron oupled to the triple-Pomeron vertex and the parton ladder desribing
the perturbative parton evolution from the initial sale Q20 to the nal sale M
2
F , see g. 10.6.
The lower legs are (un)ut Pomerons.
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Figure 10.6: The triple Pomeron ontribution.
Let us onsider the part ∆σ3IP−pp(sea−sea)(s) of the ontribution of ut triple-Pomeron diagram
∆σ3IP−pp (s) =
1
2s
2ImT 3IP−pp (s, t = 0),
orresponding to the semihard sea-sea type parton-parton sattering in the upper Pomeron, whih
is aording to eqs. (5.5-5.6) given as
∆σ3IP−pp(sea−sea)(s) = −
r3IP
2
Im
[∫ 1
0
dx+
∫ 1
0
dx−1
∫ 1−x−1
0
dx−2 F
p
remn
(
1− x+) F premn(1− x−1 − x−2 )
×8π2
∫
dx−12
x−12
[
1
2s+
ImT psea−sea
(
x+, s+, 0
)]
×
∫
dz+
∫
d2q1⊥
2∏
l=1
[
1
8π2sˆl
iT p
(
x−l , sˆl,−q21⊥
)]]
, (10.23)
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where we used x−12 = s0/(x
+
12s), s
+ = x+x−12s, sˆ1 = z
+s0x
−
1 /x
−
12, sˆ2 = (1− z+)s0x−2 /x−12, and T p,
T psea−sea are dened in (5.15-5.17). Applying the AGK utting rules, the ontribution (10.23) an
be written as a sum of three terms,
∆σ3IP−pp(sea−sea)(s) = ∆σ
3IP−(0)
pp(sea−sea)(s) + ∆σ
3IP−(1)
pp(sea−sea)(s) + ∆σ
3IP−(2)
pp(sea−sea)(s), (10.24)
orresponding to the dirative type semihard interation, sreening orretion to the usual semi-
hard interation, and double ut Pomeron ontribution, with the weights
∆σ
3IP−(0)
pp(sea−sea)(s) = −1 × ∆σ3IP−pp(sea−sea)(s) (10.25)
∆σ
3IP−(1)
pp(sea−sea)(s) = +4 × ∆σ3IP−pp(sea−sea)(s) (10.26)
∆σ
3IP−(2)
pp(sea−sea)(s) = −2 × ∆σ3IP−pp(sea−sea)(s) (10.27)
Making use of (5.16), (B.20), (2.15), we have
1
2s+
ImT psea−sea(x
+, s+, 0) =
1
2
F ppart(x
+)
∑
jk
∫ 1
0
dz+1
z+1
dz−1
z−1
Ejsoft
(
z+1
)
Eksoft
(
z−1
)
×
∑
ml
∫ 1
z+1
dz+B
∫ 1
z−1
dz−B
∫
dp2⊥E
jm
QCD(z
+
B/z
+
1 , Q
2
0,M
2
F )E
kl
QCD(z
−
B/z
−
1 , Q
2
0,M
2
F )
× K dσ
ml
Born
dp2⊥
(z+Bz
−
Bs
+, p2⊥) θ
(
M2F −Q20
)
(10.28)
Now, using (10.19-10.20), we an rewrite (10.23) as
∆σ3IP−pp(sea−sea)(s) =
∑
ml
∫
dx+Bdx
−
Bdp
2
⊥ f
1IP
m/p(sea)
(
x+B,M
2
F
)
f3IPl/p(sea)
(
x−B ,M
2
F
)
× K dσ
ml
Born
dp2⊥
(x+Bx
−
Bs, p
2
⊥) θ
(
M2F −Q20
)
, (10.29)
where we denoted
x+B = x
+z+B , x
−
B = z
−
B
s0
x+12s
,
and dened
f3IPi/p(sea)
(
x,M2F
)
=
∑
j
∫ 1
x
dx1
x1
ϕ3IPj/p(sea)(x1) E
ji
QCD
(
x
x1
, Q20,M
2
F
)
, (10.30)
with
ϕ3IPj/p(sea)(x) = −
r3IP
2
∫ 1
x
dx12
x12
Ejsoft
(
x
x12
) ∫
dx1dx2 F
p
remn(1− x1 − x2)
× 4π2
∫
dz
∫
d2q⊥ Im
[
2∏
l=1
[
1
8π2sˆl
iT p
(
xl, sˆl,−q2⊥
)]]
= −r3IP
8
∫ 1
x
dx12
x12
Ejsoft
(
x
x12
) ∫
dx1dx2 F
p
remn
(
1− x−1 − x−2
)
×
∫
d2b
∫
dz Gp(x1, sˆ1, b)G
p(x2, sˆ2, b), (10.31)
with sˆ1 = z s0x1/x12, sˆ2 = (1− z)s0x2/x12, where Gp(x, sˆ, b) is given in (5.33-5.36 ).
Now, replaing in (10.29) the interation with the projetile parton m by the interation with a
virtual photon probe of virtualityM2F or by the interation with a hypotetial probe whih ouples
diretly to a gluon, we immediately see that f3IPi/p(sea)
(
x,M2F
)
denes the (negative) ontribution of
the triple-Pomeron diagram to parton struture funtions.
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The Valene Contribution
The third ontribution, referred to as valene, amounts to the ase where a valene quark is
the rst parton of the ladder, see g. 10.7. Here, the soft pre-evolution, governed by the se-
val
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Figure 10.7: The diagram orresponding to the valene ontribution to the parton distribution funtions.
ondary Reggeon, is typially short and therefore not onsidered expliitly. One simply uses the
parameterized input for valene quark momentum distributions at the initial sale Q20,
ϕi/p(val)(x1) = q
i
val(x1, Q
2
0) (10.32)
with the Gluk-Reya-Vogt parameterization for qival(x,Q
2
0) [47℄.
The Complete Proton Distribution Funtion
The total parton distribution in the proton at the initial sale Q20 is then dened as
ϕi/p(x1) = ϕi/p(sea)(x1) + ϕi/p(val)(x1), (10.33)
with
ϕi/p(sea)(x1) = ϕ
1IP
i/p(sea)(x1) + ϕ
3IP
i/p(sea)(x1) (10.34)
whih results for an arbitrary sale M2F in
fi/p
(
x,M2F
)
=
∑
j
∫
dx1
x1
ϕi/p (x1)E
ji
QCD
(
x
x1
, Q20,M
2
F
)
. (10.35)
For M2F = Q
2
0, the semi-hard ontribution is a funtion whih peaks at very small values of x and
then dereases monotonially towards zero for x = 1. The valene ontribution, on the other hand,
has a maximum at large values of x and goes towards zero for small values of x. For moderate
values of M2F , the preise form of f depends ruially on the exponent for the Pomeron-nuleon
oupling αpart, whereas for large M
2
F it is mainly dened by the QCD evolution and depends
weekly on the initial onditions at the sale Q20.
The Photon Distribution Funtions
To alulate the resolved photon ross setion (10.18), one needs also to know parton momentum
distributions of a virtual photon fi/γ∗
(
x,M2γ , Q
2
)
. Aording to [48℄, fi/γ∗ gets ontributions both
from vetor meson states of the photon and from perturbative point-like photon splitting into a
quark-anti-quark pair,
fi/γ
(
x,M2γ , Q
2
)
= fVDMi/γ
(
x,M2γ , Q
2
)
+ fpointi/γ
(
x,M2γ , Q
2
)
. (10.36)
For the former one, one has [48℄
fVDMi/γ
(
x,M2γ , Q
2
)
= η(Q2)α
[
G2i fi/π0
(
x,M2γ
)
+
1
2
δi
(
G2u −G2d
)
fs/π0
(
x,M2γ
)]
, (10.37)
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where the funtion η is given as
η(Q2) =
(
1 +Q2/m2ρ
)−2
, (10.38)
with m2ρ = 0.59 GeV
2
and with
δu = −1, δd = 1, δs = 0, δg = 0,
G2u = 0.836, G
2
d = 0.250, G
2
s = 0.543, G
2
g = 0.543.
(10.39)
Pion struture funtions fi/π0 are dened in the same way as proton ones, namely
fi/π0
(
x,M2F
)
=
∑
j
∫
dx1
x1
ϕi/π0 (x1) E
ji
QCD
(
x
x1
, Q20,M
2
F
)
, (10.40)
with
ϕi/π0 (x1) = ϕi/π(sea)(x1) + ϕi/π0(val)(x1), (10.41)
Here ϕi/π0(val) is a parameterized initial distribution for the valene omponent from [49℄
ϕi/π0(val)(x1) = q
i
val/π0(x1, Q
2
0), (10.42)
and the sea omponent ϕj/π(sea) is given by the formulas (10.33-10.34), (10.22), (10.31) , (10.32)
with the subsript p being replaed by π and using the appropriate parameters απremn, γπ in
Fπpart, F
π
remn, but keeping all other parameters, haraterizing the Pomeron trajetory, unhanged
ompared to proton ase.
The point-like ontribution fpointi/γ is given as a onvolution of the photon splitting into a quark-
anti-quark pair (with the Altarelli-Parisi splitting funtion P γ→qq¯(z) = Nc/2 (z2+(1−z)2), Nc = 3
being the number of olors), followed by the QCD evolution of a (anti-)quark from the initial
virtuality q2 of the splitting till the sale M2γ
fpointi/γ
(
x,M2γ , Q
2
)
= 〈e2q〉
∫
dq2
q2
∫ 1
x
dxγ
xγ
α
2π
P γ→qq¯(xγ)
×
∑
j∈{u,d,s,u¯,d¯,s¯}
EjiQCD
(
x
xγ
, q2,M2γ
)
Θ
(
q2 −max[Q20, xγQ2]) (10.43)
with xγ being the share of the virtual photon light one momentum taken by the (anti-)quark and
with
〈e2q〉 =
1
3
(
e2u + e
2
d + e
2
s
)
(10.44)
being the average light quark harge squared. Here we have hosen the initial sale for the QCD
evolution of a t-hannel (anti-)quark to be equal to its initial virtuality q2 = xγQ
2 + p2⊥/(1− xγ),
with p2⊥ being the transverse momentum squared for the splitting in the γ
∗p enter of mass system
[50℄.
10.4 The Struture Funtion F2
We have now all elements to alulate the struture funtion F2, based on the formula (10.9),
with all leading order ontributions to σγ
∗p
T (L) as given in eqs. (10.11-10.18) and with the parton
momentum distributions in the proton and photon as disussed in the preeding setion. The
results for F2(x,Q
2) are shown in g. 10.8 together with experimental data from H1 [51℄, ZEUS
[52℄ and NMC [53℄. The parameters aeting the results for F2 are atually the same ones whih
aet parton-parton and hadron-hadron sattering. So we x them in order to have an overall
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Figure 10.8: The struture funtion F2 for dierent values of Q2 together with experimental data from H1 [51℄,
ZEUS [52℄and NMC [53℄.
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Figure 10.9: Same as g. 10.8, but here we show separately the diret-light ontribution (dashed), the diret-
harm ontribution (dotted), and the resolved ontribution (dashed-dotted).
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good t for F2 and at the same time the energy dependene of the total ross setion and of the
slope parameter. It is possible to get a reasonable agreement, whih is of ourse not perfet due to
the fat that enhaned diagrams are only treated to lowest order. In g. 10.9, we show separately
the diret light quarks ontribution (10.13), as well as the ones of harm quarks (10.14) and of
resolved photons (10.18), for Q2 =1.5 GeV2, 5 GeV2, and 25 GeV2. It is easy to see that the
resolved photon ross setion ontributes signiantly to F2(x,Q
2) for small photon virtualities
Q2.
10.5 Parton Congurations: Basi Formulas
In order to have a oherent approah, we base our treatment of partile prodution on exatly the
same formulas as derived earlier for the ross setions. To be more preise, we take the formulas for
dσ/dxBdQ
2
as a basis for treating partile prodution, whih means rst of all parton prodution.
The dierential ross setion for lepton-nuleon sattering is given in eq. (10.7). Using (B.28),
(B.30), the QCD evolution funtion EijQCD, whih enters into the formulas for the ross setions
σγ
∗p
T (L)(s˜, Q
2), an be expanded as a sum over n-rung ladder ontributions, where the latter ones
an be written as an integration over the momenta p1, p2, . . . , pn of n resolvable nal partons.
Introduing a multidimensional variable
P = {p1, p2, . . . , pn}, (10.45)
and onsidering the symbol
∑
P representing
∑
n
∫
dPn, with dPn being the invariant phase spae
volume for n-parton state, we may write
dσlp
dxB dQ2
=
∑
P
σ(xB , Q
2, P ). (10.46)
After normalization, σ(xB , Q
2, P ) may be interpreted as the probability distribution for a parton
onguration P for given values of xB and Q
2
. The Monte Carlo method provides a onvenient tool
for treating suh multidimensional distributions: with σ(xB , Q
2, P ) being known (see preeding
setions), one generates parton ongurations P aording to this distribution. In addition to
xB, Q
2
, and P , additional variables our, speifying a partiular ontribution to the DIS ross
setion. One essentially follows the struture of the formula for the ross setion. Let us disuss
the proedure to generate parton ongurations in detail.
We start with some useful denitions. Using the relation (B.28) for the evolution funtion EijQCD,
any parton momentum distribution at the sale Q2 an be deomposed into two ontributions,
orresponding to the ase of no resolvable emission in the range of virtualities between Q20 and Q
2
and to at least one resolvable emission:
fj(x,Q
2) = fj(x,Q
2
0)∆
j(Q20, Q
2) +
∑
i
∫ 1−ǫ
x
dz
z
E¯ijQCD
(
z,Q20, Q
2
)
fi
(x
z
,Q20
)
(10.47)
In ase of i and j being quarks, we split the sum
∑
j E¯
ij
QCD into two omponents,∑
j
E¯ijQCD = E¯NS + E¯S (i, j = quarks), (10.48)
with the so-alled non-singlet evolution E¯NS, where only gluons are emitted as nal s-hannel
partons, and the singlet evolution E¯S representing all the other ontributions, see g. 10.10a,.
The non-singlet evolution (ompare with eq. (B.29)) satises the evolution equation
E¯NS
(
x,Q20, Q
2
)
= (10.49)∫ Q2
Q20
dQ21
Q21
[∫ 1−ǫ
x
dz
z
αs
2π
P qq(z) E¯NS
(x
z
,Q20, Q
2
1
)
∆q(Q21, Q
2) +
αs
2π
P qq(x)∆
q(Q20, Q
2)
]
,
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Figure 10.10: The non-singlet ontribution (a), the gluon ontribution (b), and the singlet ontribution ().
and the singlet one
E¯S
(
x,Q20, Q
2
)
=
∫ Q2
Q20
dQ21
Q21
∫ 1−ǫ
x
dz
z
αs
2π
[
P qq(z) E¯S
(x
z
,Q20, Q
2
1
)
+ 2nf P
q
g(z) E¯
qg
QCD
(x
z
,Q20, Q
2
1
)]
∆q(Q21, Q
2), (10.50)
with nf = 3 being the number of ative quark avors.
Now it is onvenient to dene parton level ross setions, orresponding to dierent ontribu-
tions to the deep inelasti sattering proess and to dierent partons, entering the perturbative
evolution at the initial sale Q20, see g. 10.10. Essentially, we inlude into the ross setions the
perturbative part of parton evolution, whereas the initial onditions, given by parton momentum
densities at the initial sale Q20, are fatorized out. The non-singlet and singlet ontributions to
the diret (light) photon-quark interation are dened as
σγ
∗q
T (NS)(s˜, Q
2, Q20) =
4π2α
s˜
E¯NS
(
Q2
s˜
, Q20, Q
2
)
(10.51)
σγ
∗q
T (S)(s˜, Q
2, Q20) =
4π2α
s˜
E¯S
(
Q2
s˜
, Q20, Q
2
)
(10.52)
For the diret (light) photon-gluon interation, we dene
σγ
∗g
T (light)(s˜, Q
2, Q20) =
4π2α
s˜
E¯gqQCD
(
Q2
s˜
, Q20, Q
2
)
(10.53)
The photon-parton harm prodution ross setion is dened as
σγ
∗i
T/L(charm)(s˜, Q
2, Q20) =
∫
dx−
∫
dp2⊥E
ig
QCD
(
x−, Q20,M
2
F
) dσγ∗g→cc¯T/L (x−s˜, Q2, p2⊥)
dp2⊥
, (10.54)
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where the parton (i) may be a quark or a gluon. Finally, we dene the parton-parton ross setion
for resolved proesses similarly to (6.7) as
σijT (resolved)(sˆ, Q
2, q2, Q20) =
∫
dx+dx−
∫
dp2⊥
∑
k,l
dσklBorn
(
x+x−sˆ, p2⊥
)
dp2⊥
(10.55)
× EikQCD
(
x+, q2,M2γ
)
EjlQCD
(
x− , Q20,M
2
p
)
θ
(
p2⊥ −Q2
)
.
Based on the above partial photon-parton ross setions, we dene now the total photon-parton
ross setions, summed over the quark avors of the quark oupling to the photon with the appro-
priate squared harge (e2) fator. We obtain for the photon-gluon ross setion
σγ
∗g
T (s˜, Q
2, Q20) = 〈e2q〉σγ
∗g
T (light)(s˜, Q
2, Q20) + e
2
c σ
γ∗g
T (charm)(s˜, Q
2, Q20)
+
∑
j
∫
dxγ f
VDM
j/γ
(
xγ , Q
2
0, Q
2
)
σjgT (resolved)(xγ(s˜−Q2), Q2, Q20, Q20) (10.56)
+ 〈e2q〉
∫
dq2
q2
∫
dxγ
α
2π
P γ→qq¯(xγ)
×
∑
j∈{u,d,s,u¯,d¯,s¯}
σjgT (resolved)(xγ s˜− q2, Q2, q2, Q20)Θ
(
q2 −max[Q20, xγQ2]) .
The photon-quark ross setion for a quark with avor i is given as
σγ
∗i
T (s˜, Q
2, Q20) = e
2
i σ
γ∗q
T (NS)(s˜, Q
2, Q20) + 〈e2q〉σγ
∗q
T (S)(s˜, Q
2, Q20)
+ e2c σ
γ∗g
T (charm)
(
s˜, Q2, Q20
)
(10.57)
+
∑
j
∫
dxγ f
VDM
j/γ
(
xγ , Q
2
0, Q
2
)
σjiT (resolved)(xγ(s˜−Q2), Q2, Q20, Q20)
+ 〈e2q〉
∫
dq2
q2
∫
dxγ
α
2π
P γ→qq¯(xγ)
×
∑
j∈{u,d,s,u¯,d¯,s¯}
σjiT (resolved)(xγ s˜− q2, Q2, q2, Q20)Θ
(
q2 −max[Q20, xγQ2])
The longitudinal photon-parton ross setion for a parton of avor i (quark or gluon) is nally
given as
σγ
∗i
L (s˜, Q
2, Q20) = e
2
c σ
γ∗i
L(charm)(s˜, Q
2, Q20). (10.58)
Finally, we may express the photon-proton ross setions in terms of the above photon-parton ross
setions and the parton distribution funtions ϕ(x) = f(x,Q20) at the sale Q
2
0. The transverse
ross setion is given as
σγ
∗p
T (s˜, Q
2) =
∫
dx1 ϕg/p (x1) σ
γ∗g
T (x1s˜, Q
2, Q20) (10.59)
+
∑
i∈{u,d,s,u¯,d¯,s¯}
(
4π2α
Q2
e2i xB ϕi/p(xB)∆
q(Q20, Q
2) +
∫
dx1 ϕi/p(x1)σ
γ∗i
T (x1s˜, Q
2, Q20)
)
,
the longitudinal ross setion is given as
σγ
∗p
L (s˜, Q
2) =
∫
dx1 ϕg/p(x1) σ
γ∗g
L (x1s˜, Q
2, Q20) (10.60)
+
∑
i∈{u,d,s,u¯,d¯,s¯}
∫
dx1 ϕi/p(x1)σ
γ∗i
L (x1s˜, Q
2, Q20),
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with the quark momentum distributions being a sum of two terms,
ϕi/p(x1) = ϕi/p(sea)(x1) + ϕi/p(val)(x1), (10.61)
see eqs. (10.22-10.33).
The above formulas together with eq. (10.7) serve as the basis to generate all main variables
for the desription of deep inelasti sattering. After modeling Q2 and xB we simulate types (a
valene quark, a sea quark, or a gluon) and kinematial harateristis for rst partons, entering
the perturbative evolution (at the initial sale Q20), and then, for given initial onditions, gener-
ate orresponding parton ongurations, based on the partiular struture of perturbative ross
setions (10.51-10.55). The detailed desription of this proedure is given in the next setions.
The triple Pomeron ontributions are inluded here in the denition of the parton distribution
ϕi/p(sea). At HERA energies, the triple Pomeron ontribution is dominated by the proess where
the two Pomerons exhanged in parallel are soft ones, and therefore no additional parton prodution
needs to be onsidered in that ase.
10.6 Generating Initial Conditions for the Perturbative Evo-
lution
We start with the generation of the kinematial variables xB and Q
2
aording to the dieren-
tial ross setion eq. (10.7) together with the expliit form for the photon-proton ross setions
eqs. (10.59-10.60). Then we hoose an interation with the transverse or with the longitudinal
polarization omponent of the photon, with the orresponding weights
Lγ
∗
T/L(y)σ
γ∗p
T/L(s˜, Q
2)/
(
Lγ
∗
T (y)σ
γ∗p
T (s˜, Q
2) + Lγ
∗
L (y)σ
γ∗p
L (s˜, Q
2)
)
. (10.62)
After that, we onsider virtual photon-proton interation for given photon virtuality Q2 and po-
larization (T , L), and for given .m. energy squared sˆ = s˜ − Q2 for the interation; we use the
photon-proton enter of mass system.
Let us rst onsider the ase of transverse photon polarization. We have to hoose between
sea and valene  ontribution, where the latter one is hosen with the probability
prob(val) =
1
σγ
∗p
T (s˜, Q
2)
4π2αQ2 ∑
i∈{u,d}
e2i xB ϕi/p(val)(xB)∆
q(Q20, Q
2) +
+
∑
i∈{u,d}
∫
dx1 ϕi/p(val)(x1)σ
γ∗i
T (x1s˜, Q
2, Q20)
 (10.63)
and the former one with the probability 1 − prob(val), whih is the sum of the ontributions,
orresponding to a gluon or a sea quark from the proton being the rst ladder parton,
prob(sea) =
1
σγ
∗p
T (s˜, Q
2)
4π2αQ2 ∑
i∈{u,d,s,u¯,d¯,s¯}
e2i xB ϕi/p(sea)(xB)∆
q(Q20, Q
2) +
+
∑
i∈{g,u,d,s,u¯,d¯,s¯}
∫
dx1 ϕi/p(sea)(x1)σ
γ∗i
T (x1s˜, Q
2, Q20)
 . (10.64)
The next step onsists of dening the type (avor) of the rst ladder parton and its momentum
share x1 in the proton. Here one has to distinguish two possible parton ongurations for the
interation: parton asading without any resolvable parton emission in the ladder (orresponding
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to a valene or a sea quark of the proton sattered bak in the Breit frame), with the relative
weights given by the rst term in the urly brakets in eqs. (10.63, 10.64), i.e.
prob(no emission) =
4π2α
Q2
∑
i e
2
i xB ϕi/p(val/sea)(xB)∆
q(Q20, Q
2)
prob(val/sea)σγ
∗p
T (s˜, Q
2)
, (10.65)
and the ongurations with at least one resolvable parton emission, with the weight 1−prob(no emission).
In the ase of no resolvable emission we have x1 = xB = Q
2/s˜ and the avor of the quark is gen-
erated aording to the weights {
e2i ϕi/p(val)(xB) if val
e2i ϕi/p(sea)(xB) if sea
. (10.66)
Then we are left with a trivial parton onguration. For a valene quark ontribution it onsists
of an anti-quark, moving along the original proton diretion, and the quark, sattered bak.
In the ase of at least one resolvable emission, one generates the type (avor) i and the light
one momentum fration x1 of the rst parton of the QCD asade aording to the distributions,
given by the expressions in the urly brakets in (10.63), (10.64),
prob(i, x1) =
{
δiq ϕi/p(val)(x1)σ
γ∗i
T (x1s˜, Q
2, Q20) if val
ϕi/p(sea)(x1)σ
γ∗i
T (x1s˜, Q
2, Q20) if sea
, (10.67)
where δiq is zero if i = g and otherwise one.
Then one hooses between dierent types of interations, ontributing to the photon-parton
ross setion, aording to their partial weights in eqs. (10.56, 10.57). The diret photon-parton
ontribution is hosen with the weight
prob(direct) =

[
e2i σ
γ∗q
T (NS) + 〈e2q〉σγ
∗q
T (S) + e
2
c σ
γ∗q
T (charm)
]
/σγ
∗i
T if i = quark[
〈e2q〉σγ
∗g
T (light) + e
2
c σ
γ∗g
T (charm)
]
/σγ
∗g
T if i = gluon
. (10.68)
For the resolved photon ontributions, the weight is given by the last two terms in eqs. (10.56,
10.57). The probability for the VDM part is
prob(VDM) =
∑
j
∫
dxγ f
VDM
j/γ
(
xγ , Q
2
0, Q
2
)
σjiT (resolved)(xγ(x1s˜−Q2), Q2, Q20, Q20)/σγ
∗i
T , (10.69)
where x1 is the light one momentum share and i is the type (avor) of the rst ladder parton on the
proton side (already determined), whereas the probability for the point-like resolved ontribution
is
prob(point) = 〈e2q〉
∫
dq2
q2
∫
dxγ
α
2π
P γ→qq¯(xγ) (10.70)
×
∑
j∈{u,d,s,u¯,d¯,s¯}
σjiT (resolved)(xγx1s˜− q2, Q2, q2, Q20)Θ
(
q2 −max[Q20, xγQ2]) /σγ∗iT .
In ase of a diret light ontribution, one has to generate the onguration for a parton ladder,
stritly ordered in parton virtualities towards the virtual photon. The method is quite analogous
to the one of setion 2 in hapter 5 and is desribed in the next setion.
In ase of a resolved ontribution, we need to dene the initial onditions for the other end
of the parton ladder, on the photon side, as well as the parton type (a quark of some avor or
a gluon) and the share of the light one momentum fration xγ , taken by the parton from the
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photon. For the diret resolved ontribution, orresponding to the point-like photon splitting into
a quark-anti-quark pair, the avor j, the share xγ , and the virtuality q
2
of the (anti-)quark, being
the rst ladder parton, are generated aording to
prob(j, xγ , q
2) ∼ 1
q2
α
2π
P γ→qq¯(xγ)σ
ji
T (resolved)(xγx1s˜− q2, Q2, q2, Q20)Θ
(
q2 −max[Q20, xγQ2]) δjq
(10.71)
For the VDM ontribution, the rst ladder parton is taken at the initial virtuality Q20 and its type
j and momentum share xγ are hosen aording to the distribution
prob(j, xγ) ∼ fVDMj/γ
(
xγ , Q
2
0, Q
2
)
σjiT (resolved)(xγ(x1s˜−Q2), Q2, Q20, Q20), (10.72)
with the VDM parton momentum distributions in the photon dened in (10.37). In both ases for
resolved photon interations, the simulation of parton ongurations, orresponding to the ladder
of given mass squared sˆ′ (sˆ′ = xγx1s˜−q2 for the diret resolved ontribution and sˆ′ = xγ(x1s˜−Q2)
for the VDM one), and of given types and virtualities of the leg partons, is done exatly in the
same way as for proton-proton (nuleus-nuleus) interations, as desribed in the hapter 5. The
only dierene omes from the presene of two dierent sales M2p , M
2
γ and the uto p
2
⊥ > Q
2
in the parton-parton ross setion σijT (resolved) for resolved DIS proesses as given in eq. (10.55),
when ompared to the ross setion in eq. (6.7).
In the ase of interation with the longitudinal photon omponent, the proedure simplies
onsiderably, as one only has to onsider diret photon-parton interations via the parton-gluon
fusion proess. One starts by hoosing between the oupling of the parton ladder to a valene
quark (val) or to a soft Pomeron (sea), the weights are
prob(val) =
∫
dx1
∑
i ϕi/p(val)(x1)σ
γ∗i
L (x1s˜, Q
2, Q20)
σγ
∗p
L (s˜, Q
2)
; (10.73)
prob(sea) =
∫
dx1
∑
i ϕi/p(sea)(x1)σ
γ∗i
L (x1s˜, Q
2, Q20)
σγ
∗p
L (s˜, Q
2)
. (10.74)
The weight for the parton type (avor) i and the distribution for the light one momentum fration
x1 of the rst parton of the QCD asade is given by the integrands of (10.73-10.74). The nal step
amounts to generating the onguration for the parton ladder, stritly ordered in parton virtualities
towards the virtual photon, with the largest momentum transfer parton proess of parton-gluon
fusion type, as disussed in the next setion.
10.7 Generating the Ladder Partons
In this setion we desribe the proedure to generate parton ongurations, orresponding to diret
photon-parton interation with at least one resolvable emission in the parton asade. In that ase,
a parton ladder is stritly ordered in parton virtualities towards the virtual photon and the ladder
ross setion is given as a sum of the ontributions eqs. (10.51-10.54) in the ase of transverse
photon polarization,
σγ
∗i
T (direct)(s˜, Q
2, Q20) =

e2i σ
γ∗q
T (NS)(s˜, Q
2, Q20) + 〈e2q〉σγ
∗q
T (S)(s˜, Q
2, Q20)
+e2c σ
γ∗q
T (charm)(s˜, Q
2, Q20) i = q,
〈e2q〉σγ
∗g(s˜, Q2, Q20) + e
2
c σ
γ∗g(cc¯)
T (s˜, Q
2, Q20) i = g,
(10.75)
or by the ross setion eq. (10.54) for the longitudinal one,
σγ
∗i
L(direct)(s˜, Q
2, Q20) = e
2
c σ
γ∗i
T (charm)(s˜, Q
2, Q20). (10.76)
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All the photon-parton ross setions are expressed in terms of the QCD evolution funtions E¯QCD.
Using the expliit representation eqs. (B.30-B.32) for E¯QCD, one an rewrite the reursive relations
eqs. (B.29), (10.50-10.50) in a form, suh that the rst (lowest virtuality) emission in the ladder is
treated expliitly, multiplied by a weight fator, given by the ontribution of the rest of the ladder
(the sum of any number of additional resolvable emissions),
E¯ijQCD
(
x,Q20, Q
2
)
=
∫ Q2
Q20
dQ21
Q21
∑
k
∫ 1−ǫ
x
dz
z
αs
2π
P ki (z)∆
i(Q20, Q
2
1) E¯
kj
QCD
(x
z
,Q21, Q
2
)
+
∫ Q2
Q20
dQ21
Q21
∆i(Q20, Q
2
1)∆
j(Q21, Q
2)
αs
2π
P ji(x) (10.77)
E¯NS
(
x,Q20, Q
2
)
=
∫ Q2
Q20
dQ21
Q21
∫ 1−ǫ
x
dz
z
αs
2π
P qq(z)∆
q(Q20, Q
2
1) E¯NS
(x
z
,Q21, Q
2
)
+ ∆q(Q20, Q
2)
∫ Q2
Q20
dQ21
Q21
αs
2π
P qq(x) (10.78)
E¯S
(
x,Q20, Q
2
)
=
∫ Q2
Q20
dQ21
Q21
∑
k
∫ 1−ǫ
x
dz
z
∆q(Q20, Q
2
1)
αs
2π
[
P qq(z) E¯S
(x
z
,Q21, Q
2
)
+ P gq(z) E¯
gq
QCD
(x
z
,Q21, Q
2
)]
(10.79)
With the help of eqs. (10.77-10.79), (10.51-10.54), one an obtain the reursive relations for the
ross setions eqs. (10.75, 10.76) for an arbitrary virtuality Q21 of the initial parton i,
σγ
∗i
T/L(direct)(s˜, Q
2, Q21) =
∑
j
∫ Q2
Q21
dQ˜2
Q˜2
∆i(Q21, Q˜
2)
∫
dz
αs
2π
P ji (z)σ
γ∗j
T/L(direct)(zs˜, Q
2, Q˜2) +
+ σγ
∗i
T/L(direct 2→2)(s˜, Q
2, Q21), (10.80)
where σγ
∗i
T/L(direct 2→2) represents the ontribution of parton ongurations with only one resolvable
parton emission in the ladder, or with the photon-gluon fusion proess without any additional
resolvable parton emissions,
σγ
∗i
T (direct 2→2)(s˜, Q
2, Q21) =
4π2 α e2i
s˜
E
(1)qq
QCD
(
Q2
s˜
, Q21, Q
2
)
Θ(Q2 −Q21) (i = quark)(10.81)
σγ
∗g
T (direct 2→2)(s˜, Q
2, Q21) =
4π2 α 〈e2q〉
s˜
E
(1)gq
QCD
(
Q2
s˜
, Q21, Q
2
)
Θ(Q2 −Q21)
+ e2c
∫
dp2⊥
dσγ
∗g→cc¯
T
(
s˜, Q2, p2⊥
)
dp2⊥
∆g(Q21,M
2
F ) (10.82)
σγ
∗i
L(direct 2→2)(s˜, Q
2, Q21) = δ
g
i e
2
c
∫
dp2⊥
dσγ
∗g→cc¯
L
(
s˜, Q2, p2⊥
)
dp2⊥
∆g(Q21,M
2
F ) (10.83)
It is noteworthy that to the leading logarithmi auray one should not use in σγ
∗i
T (direct 2→2)
the Born proess matrix elements dσγ
∗g→qq¯
T /dp
2
⊥ and dσ
γ∗q→gq
T /dp
2
⊥; the ontribution of just one
resolvable parton emission is proportional to E
(1)iq
QCD, eq. (B.32), dened by the orresponding
Altarelli-Parisi kernel P qi (z).
The formulas (10.80-10.83) allow us to generate the asade of partons, orresponding to the
diret γ∗-quark (gluon) interation of energy squared sˆ = s˜−Q2 and photon virtuality Q2, starting
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from an initial parton with a avor i, taken at a sale Q21 = Q
2
0. We use an iterative proedure,
similar to the one of hapter 5. At eah step one heks whether there is any additional resolvable
parton emission before the last one , with the probability
prob(forward emission) =
σγ
∗i
T/L(direct)(s˜, Q
2, Q21)− σγ
∗i(2→2)
T/L(direct 2→2)(s˜, Q
2, Q21)
σγ
∗i
T/L(direct)(s˜, Q
2, Q21)
(10.84)
In ase of an emission, the avor j of the new ladder leg parton, the light one momentum
fration z, taken from the parent parton, and the virtuality Q˜2 are generated aording to the
integrand of σγ
∗i
T/L(direct) − σγ
∗i
T/L(direct 2→2) in (10.80),
prob(j, z, Q˜2) ∼ 1
Q˜2
∆i(Q21, Q˜
2)
αs
2π
P ji (z)σ
γ∗j
T/L(direct)(zs˜, Q
2, Q˜2). (10.85)
The proess is repeated for the new ladder of energy squared sˆ′ = zs˜−Q2, with the initial parton
i′ = j, and with virtuality Q′21 = Q˜
2
and so on. At eah step one deides about emission or not,
whih nally terminates the iteration.
Having done the iterative parton emission, we nally generate the last (highest virtuality)
resolvable parton emission or the photon-gluon fusion proess (if i′ = g) in the photon-parton
enter-of-mass system. The photon-gluon fusion (PGF) proess is hosen for i′ = g with the
probability
prob(PGF) =
1
σγ
∗g
T (direct 2→2)(s˜
′, Q2, Q˜2)
e2c
∫
dp2⊥
dσγ
∗g→cc¯
T
(
s˜′, Q2, p2⊥
)
dp2⊥
∆g(Q˜2,M2F ) (10.86)
for the transverse photon polarization and always for the longitudinal photon polarization. For
i′ = q, we have prob(PGF) = 0. In ase of PGF, with our hoie M2F = m
2
c + p
2
⊥, we generate
the transverse momentum squared of nal harm quarks in the region Q˜2 −m2c < p2⊥ < 14 sˆ −m2c
aording to
prob(p2⊥) ∼
dσγ
∗g→cc¯
T
(
s˜′, Q2, p2⊥
)
dp2⊥
∆g(Q˜2,M2F ) (10.87)
In ase of no PGF, we generate the momentum transfer squared for the last resolvable parton
emission in the range Q˜2 < Q′2 < Q2 aording to
prob(Q′2) ∼ 1
Q′2
∆i(Q˜2, Q′2) ∆q(Q′2, Q2)
αs
2π
P qi (z
′) , (10.88)
with
z′ = 1−
(
1− Q
′2
s˜
)(
1− Q
2
s˜
)
, (10.89)
and nd the parton transverse momentum squared as p2⊥ = Q
′2(1− z′).
We then reonstrut nal parton 4-momenta in their enter of mass system with a random polar
angle for the transverse momentum vetor ~p⊥ and boost them to the original Lorentz frame. This
ompleted the desription of the algorithm to generate parton ongurations, based on exatly the
same formulas as for alulatins of F2 before.
The above disussion of how to generate parton ongurations is not yet omplete: the emitted
partons are in general oshell and an therefore radiate further partons. This so alled time-like
radiation is taken into aount using standard tehniques [27℄, as disussed already in hapter 5.
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10.8 Hadron Prodution
For the hadronization, we use exatly the same philosophy and even the same proedure as in
ase of proton-proton (pp) sattering. Hadronization is not onsidered as a dynamial proedure,
rather we onsider the hadroni states as being integrated out in the onsiderations of ross setion
alulations of the preeding setions. Hadronization means simply a phenomenologial proedure
to expliitly reintrodue these hadroni states. The proedure employed for pp sattering and to
be used here as well is as follows:
1. drawing a ylinder diagram;
2. utting the ylinder;
3. planar presentation of half-ylinder;
4. identiation of ut line with kinky string;
5. kinky string hadronization (as explained in hapter 6).
We are going to explain the steps (1-4) for a onrete example of a diagram ontributing to photon-
proton sattering, where the photon interats diretly with a light quark (ontribution light), and
where the rst parton of the ladder on the proton side ouples to the proton via a soft Pomeron
(ontribution sea), as shown in g. 10.11. The external legs on the lower (proton) side are a quark
Figure 10.11: A diagram ontributing to the photon-proton ross setion.
(full line) and an anti-quark (dashed), representing together the proton onstituent partiipating
in the interation. In g. 10.12(left), we show the result of plotting the diagram on a ylinder.
The shaded area on the lower part of the ylinder indiates the soft Pomeron, a ompliated non-
resolved struture, where we do not speify the mirosopi ontent. The two spae-like gluons
emerge out of this soft struture. The ut is represented by the two vertial dotted lines on the
ylinder. We now onsider one of the two half-ylinders, say the left one, and we plot it in a
planar fashion, as shown in g. 10.12(right). We observe one internal gluon, and one external one,
appearing on the ut line. We now identify the two ut lines with kinky strings suh that a parton
on the ut line orresponds to a kink: we have one kinky string with one internal kink (gluon) in
addition to the two end kinks, and we have one at string with just two end kinks, but no internal
one. The strings are then hadronized aording to the methods explained in hapter 6, see g.
10.13.
In priniple, we have also triple Pomerons ontributing to the event topology. However, due
to AGK anellations, suh ontributions to the inlusive spetra anel eah other in the kine-
matial region where the two Pomerons are in parallel. Therefore, the average harteristis are
orretly desribed by onsidering the simple ylinder-type topology orresponding to one Pomeron
exhange.
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Figure 10.12: Cylindrial representation of the diagram of g. 10.11 (left gure) and planar diagram representing
the orresponding half-ylinder (right gure).
Figure 10.13: The string model: the ut line (vertial dotted line) orresponds to a string, whih deays into
hadrons (irles).
10.9 Results
We are now apable to simulate events from deep inelasti sattering. When xing the parameters,
we found that all the ones found in e+e− an be kept with the exeption of the mean transverse
momentum of string breaking pf⊥and the break probability pbreak, see the disussion in hapter 8.
We show results from ep sattering and ompare to the data of the experiments aomplished
at HERA. Eletrons of an energy 26.7 GeV ollide with protons of 820 GeV, whih gives a enter
of mass energy 296 GeV. We made the analysis for the kinematial region 10−4 < x < 10−2 and
10 < Q2 < 100 GeV2. The distribution of the events alulated using our model is shown on gure
10.14.
We reall the prinipal variables
x ≡ xB = Q
2
2(pq)
=
Q2
ys
; y =
Q2
xs
, (10.90)
whih gives straight lines for y = onst. in g. 10.14. The sharp borders are due to imposing the
experimental uts 0.03 < y, E′ > 12 GeV and θe > 7.5. On gure 10.15, we plot harged partile
distributions for dierent values of W = sˆ = 2(pq) − Q2. The partile spetra look very similar
for dierent W values; the distributions derease rapidly with xF . The dependene of the average
p2⊥on xF shows an overall good agreement with the data from H1 ollaboration [54℄.
In table 10.1 the bins in x and Q2 are given for the experimental data points on gures 10.15-
10.20 (see [55℄). The bin 0 is the sum of all the others. First, we ompare the p⊥ distribution in
the photon-proton enter of mass system for the dierent bins - g. 10.16. Fig. 10.16(a) shows the
omparison of the results for low and high x values for the values of Q2 ≃ 10−20 GeV2(bins 6 and
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Figure 10.14: Distribution of the simulated events if the Q2 − x plane.
bin x/10−3 Q2/GeV2 < x > /10−3 < Q2 > /GeV2 < W 2 > /GeV2
0 0.1-10 5-50 1.14 18.3 24975
1 0.1-0.2 5-10 0.16 7.7 45296
2 0.2-0.5 6-10 0.29 8.8 31686
3 0.2-0.5 10-20 0.37 13.1 36893
4 0.5-0.8 10-20 0.64 14.0 22401
5 0.8-1.5 10-20 1.1 14.3 13498
6 1.5-4.0 10-20 2.1 15.3 7543
7 0.5-1.4 20-50 0.93 28.6 32390
8 1.4-3.0 20-50 2.1 31.6 16025
9 3.0-10 20-50 4.4 34.7 8225
Table 10.1: Bins in x and Q2 for the gures 10.15-10.20.
3). We nd harder spetra for smaller x, whih is the onsequene of the larger kinematial spae
(in x) for the initial state radiation. Next, on gures 10.16(b,), the spetra are ompared for two
dierent values of Q2 and either the energy W ∼ Q2/x being xed (bins 2 and 7, g. 10.16(b)),
or for a given value of x (bins 6 and 8, gure 10.16()). The spetra in p⊥ are always harder for
larger Q2, whih is now the onsequene of the larger kinematial spae in p2⊥ for the initial state
radiation. Two uts in pseudo-rapidity η for bin 3 are onsidered on gure 10.16(d). We see a
harder distribution for 1.5 < η < 2.5. Around mid-rapidity, where η is maximal, one nds higher
transverse momenta as this region is dominated by the ontribution of the largest virtuality photon
proess.
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Figure 10.15: xF distribution of harged partiles for dierent values of W : 50-100 GeV, 100-150 GeV, 150-200
GeV and for the total W region of 50-200 GeV. The last diagram shows mean p2
⊥
as a funtion of xF . All the
variables are dened in the hadroni enter of mass system. The data are from H1 ollaboration [54℄.
Let us now onsider pseudo-rapidity distributions of harged partiles. Figures 10.17, 10.18
show the η-distributions for the 9 bins of table 10.1 for dierent values of Q2 and x. On gure
10.18, a ut for p⊥ > 1 GeV has been made to extrat the ontribution of hard proesses. The
latter one results in approximately 10% of the total hadron multipliity. At g. 10.18 we nd fewer
partiles at small η whih is the onsequene of smaller kinematial spae (in x) for the initial state
radiation and the redued inuene of the largest virtuality photon proess.
The transverse momenta for all partiles are generally well desribed by the model - gs. 10.19,
10.20. The fat that we nd harder spetra for higher Q2 and lower x is best seen for smaller
values of η - see g. 10.20.
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Figure 10.16: p⊥ distribution of harged partiles for dierent kinemati regions. The values of the uts are
indiated on the gures (olumn 1 - full line, olumn 2 - dashed line ).
10.9 Results 155
0
1
2
3
4
 
dn
/d
η Q2 = 7
x = 0.00016
Q2 = 9
x = 0.00029
Q2 = 13
x = 0.00037
0
1
2
3
4
 
dn
/d
η Q2 = 14
x = 0.00064
Q2 = 14
x = 0.00110
Q2 = 15
x = 0.00210
0
1
2
3
4
 
dn
/d
η Q2 = 29
x = 0.00093
Q2 = 32
x = 0.00210
Q2 = 35
x = 0.00440
0
1
2
3
4
0 2 4
 pseudo rapidity η
 
dn
/d
η
<Q2> = 18
<x> = 0.00114
0 2 4
 pseudo rapidity eta
e+p at HERA
H1 data
compared to
neXus 2. 0
Figure 10.17: Pseudo rapidity distribution of harged partiles for the bins indiated in table 10.1. The lower left
diagram represents no ut results.
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Figure 10.18: The same as on gure 10.17, but with an additional ut p⊥ > 1 GeV.
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Figure 10.19: Transverse momentum of harged partiles for 1.5 < η < 2.5.
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Figure 10.20: Transverse momentum of harged partiles for 0.5 < η < 1.5.
Chapter 11
Results for Proton-Proton Sattering
In this setion we are going to disuss our results for proton-proton interations in the energy
range between roughly 10 and 2000 GeV, whih represents the range of validity of our approah.
The lower limit is a fundamental limitation due to the fat that our approah requires hadron
prodution to start after the primary interations are nished, whih is no longer fullled at low
energies. The upper limit is due to the fat that above 2000 GeV higher order sreening orretions
need to be taken into aount.
11.1 Energy dependene
We rst onsider the energy dependene of some elementary quantities in pp sattering in the
above mentioned energy range. In g. 11.1, the results for the total ross setion are shown. The
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Figure 11.1: The total ross setion as a funtion of the energy
√
s (left gure): the full line is the simulation, the
points represent data. Pomeron numbers as a funtion of the energy
√
s (right): soft (dashed) and semi-hard (solid
line) Pomerons.
ross setion is essentially used to t the soft Pomeron parameters. Also shown in the gure is the
energy dependene of the number of soft and semi-hard Pomerons. Over the whole energy range
shown in the gure, soft physis is dominating. So for example at RHIC, soft physis dominates
by far.
Our results for hadron prodution are based on the Pomeron parameters, dened from the ross
setions tting, and on the fragmentation proedure, adjusted on the basis of e+e−data. In g.
11.2, average multipliities of dierent hadron speies are given as a funtion of the energy. In g.
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11.3, we show the energy dependene of the pseudo-rapidity plateau dnC/dη(0) and of the mean
squared transverse momentum < p2t >.
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Figure 11.2: The average multipliities of dierent hadron speies, as a funtion of the energy
√
s. From top to
bottom: all harged partiles, pi+, pi−, K+, K−, p¯. The full lines are simulations, the points represent data (from
[56℄).
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Figure 11.3: Pseudo-rapidity plateau dn/dη(0) and mean squared transverse momentum < p2t > as a funtion of
the energy
√
s. The full lines are simulations, the points represent data.
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11.2 Charged Partile and Pion Spetra
In g. 11.4, we present rapidity distributions of pions at 100 GeV, in g. 11.5 rapidity distributions
of pions and harged partiles at 200 GeV. The values following the Symbol I= represent the
integrals, i.e. the average multipliity. The rst number is the simulation, the seond number (in
brakets) represents data.
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Figure 11.4: Rapidity distributions of pions at 100 GeV. The full lines are simulations, the points represent data.
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Figure 11.5: Pseudo-rapidity distributions of pions (pi+, pi−) and harged partiles (all harged and negatively
harged) at 200 GeV. The full lines are simulations, the points represent data.
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Figure 11.6: Pseudo-rapidity distributions of positively and negatively harged partiles at 53 GeV (ms). The
full lines are simulations, the points represent data.
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Figure 11.7: Pseudo-rapidity distributions of harged partiles at 200 and 1800 GeV (ms). The full lines are
simulations, the points represent data.
In g. 11.6, we show rapidity distributions for positively and negatively harged partiles at 53
GeV (ms), where we adopted also for the simulations the experimental denition of the rapidity
by always taking the pion mass. In g. 11.7, we show pseudo-rapidity distributions of harged
partiles at 200 and 1800 GeV (ms). In gs. 11.8 and 11.9, we nally show transverse momentum
spetra at dierent energies between 100 GeV (lab) and 1800 GeV (ms).
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Figure 11.8: Transverse momentum distributions of pions or negatively harged partiles at dierent energies. The
full lines are simulations, the points represent data.
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Figure 11.9: Transverse momentum distributions of harged parti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GeV (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11.3 Proton spetra
In g. 11.10, we plot longitudinal momentum fration distributions of protons for dierent values
of t at 200 GeV, in gs. 11.11 and 11.12 as well longitudinal momentum fration distributions
at 100-200 GeV, for given values of pt or integrated over pt. In g. 11.13, we show transverse
momentum spetra of protons for dierent values of the longitudinal momentum fration x at 100
and 205 GeV.
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Figure 11.10: Longitudinal momentum fration distributions of protons for dierent values of t at 200 GeV. The
full lines are simulations, the points represent data.
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Figure 11.11: Longitudinal momentum fration distribution of protons at 100 GeV, integrated over pt (left) and
for pt = 0.75 GeV/ (right). The full lines are simulations, the points represent data.
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Figure 11.12: Longitudinal momentum fration distributions of protons at 200 GeV, integrated over pt (left) and
at 175 GeV, for pt = 0.75 GeV/ (right). The full lines are simulations, the points represent data.
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Figure 11.13: Transverse momentum spetra of protons for dierent values of the longitudinal momentum fration
x at 100 and 205 GeV. The full lines are simulations, the points represent data.
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11.4 Strange partile spetra
In gs. 11.14 and 11.15, we show transverse momentum and rapidity spetra of lambdas (inluding
Σ0), anti-lambdas (inluding Σ¯0), and kaons. The numbers represent the integrals, i.e. the average
multipliity. The rst number is the simulation, the seond number (in brakets) represents data.
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Figure 11.14: Distributions of transverse momentum (left) and rapidity (right) of lambdas plus neutral sigmas
(upper) and of anti-lambdas plus neutral anti-sigmas (lower) at 205 GeV. The full lines are simulations, the points
represent data.
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Figure 11.15: Rapidity distributions of kaons (Ks, K−, K+) at 205 GeV. The numbers represent y-integrated
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rst number is the simulated one, the number in bra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Chapter 12
Results for Collisions Involving
Nulei
It is well known that seondary interations play an important role in ollisions involving nulei.
Nevertheless, in this report, we do no want to onsider any resattering proedure, we just present
bare neXus simulations. This seems to us the most honest way to present results.
12.1 Proton-Nu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Figure 12.1: Rapidity distributions of harged partiles or negative pions for dierent p+A ollisions at 200 GeV
(lab).
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In g. 12.1, we show rapidity spetra of negatively harged partiles for dierent target nulei.
Missing partiles in the bakward region are ertainly due to resattering. In the forward region,
the model works well, exept for p+Au, whih represents the heaviest target, but in addition one
has here a entrality trigger, in ontrast to the other reations. Here, we expet some redution
due to nulear sreening eets. The transverse momentum spetra are well reprodued in ase of
p+S, as shown in g. 12.2, whereas for p+Au one sees some deviations for small values of pt, see
g. 12.3.
Let us turn to proton spetra. In g. 12.4, we show rapidity spetra of net protons (protons
minus anti-protons) for dierent target nulei. Sine seondary interations are not onsidered,
we are missing the pronouned peak around rapidity zero (not visible in the gure, sine we have
hosen the range for the y-axis to be [0,1℄). Apart of the target fragmentation region, the model
works well. The transverse momentum spetra shown in g. 12.5 refer to the target fragmentation
region, and therefore the absolute number is too small, whereas the shape of the spetra is quite
good.
Strange partile spetra are shown in gs. 12.6 and 12.7. Whereas the simulations agree with
the data for the kaons, the spetra are largely underestimated in ase of lambdas, in partiular in
the bakward region, where resattering plays a dominant role.
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Figure 12.2: Transverse momentum distributions of negatively harged partiles for dierent p + S ollisions at
200 GeV (lab).
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Figure 12.3: Transverse momentum distributions of negatively harged partiles for dierent p+ Au ollisions at
200 GeV (lab).
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Figure 12.4: Rapidity distributions of net protons for dierent p +A ollisions at 200 GeV (lab).
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Figure 12.5: Transverse momentum spetra of net protons for dierent p+ A ollisions at 200 GeV (lab).
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Figure 12.6: Rapidity distributions of net lambdas for dierent p+ A ollisions at 200 GeV (lab).
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Figure 12.7: Rapidity and pt spetra of net lambdas and Ks for p+Xe ollisions at 200 GeV (lab).
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attering
Again, we show results of the bare neXus model, without any seondary interations. Considering
rapidity distributions of negatively harged partiles, as shown in g. 12.8, we observe a strong
exess at entral rapidities ompared to the data. Resattering will partly ure this, but not
ompletely. For asymmetri systems like for example S+Ag, we observe in addition a missing
asymmetry in the shape of the rapidity spetrum, in other words, the simulated spetrum is too
symmetri. This is not surprising, sine in our approah AGK anelations apply, whih make
A+ B spetra idential to the p+ p ones, up to a fator. Resattering will not ure this, sine it
ats essentially at entral rapidities. But we expet another important eet eet due to additional
sreening eets oming from ontributions of ehnaned Pomeron diagrams. In g. 12.9, we show
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Figure 12.8: Rapidity distributions of negatively harged partiles for dierent A+B ollisions at 200 GeV (lab).
transverse momentum or transverse mass spetra of negatively harged partiles for dierent A+B
ollisions at 200 GeV (lab). Several rapidity windows are shown; from top to bottom: 3.15-3.65,
3.65-4.15, 4.15-4.65, 4.65-5.15, 5.15-5.65 in ase of Pb+Pb and 0.8-2, 2-3, 3-4, 4-4.4 for the other
reations. The lowest urves are properly normalized, the next ones are multiplied by ten, et. We
again observe an exess at ertain rapidities, as already disussed above. In addition, in partiular
for heavy systems, the slopes are too steep, there is learly some need of seondary interations to
heat up the system. This is onsistent with the fat that the multipliity is too high: olletive
motion should redue the multipliity but instead inrease the transverse energy per partile.
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Figure 12.9: Transverse momentum or transverse mass spetra of negatively harged partiles in several rapidity
windows (see text) for dierent A+B ollisions at 200 GeV (lab).
In g. 12.10, we show rapidity distributions of net protons (protons minus anti-protons) for
dierent A + B ollisions at 200 GeV. For the asymmetri systems one observes learly the eet
of missing target nuleons, whih should be ured by resattering. The simulated results for
symmetri systems are lose to the data, resattering does not ontribute muh here. But as for
pion prodution, we expet also some hanges due to sreening eets. Transverse momentum
spetra, as shown in g. 12.11, show a similar behavior as for pions but even more pronouned:
the theoretial spetra are muh too steep, in partiular for heavy systems.
In g. 12.12-12.15, we show rapidity spetra of strange partiles. K− seem to be orret,
whereas K+ are in general somewhat too low ompared to the data. Lambdas and anti-lambdas
are way too low. For these partiles, resattering has to provide most of the partiles whih are
nally observed.
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Figure 12.10: Rapidity distributions of net protons for dierent A+B ollisions at 200 GeV (lab).
1
10
10 2
0 0.25 0.5 0.75 1
 pt (GeV/c2)
1/
p t
 
dn
/d
p t
 
(c4
/G
eV
2 )
 S+S  200 GeV → p - ap
 neXus 2. 0
10
-1
1
10
10 2
0 0.5 1 1.5 2
transv. mass mt-m0 (GeV)
1/
m
t 
d2
n
/d
yd
m
t 
(G
eV
-
2 )
 Pb+Pb at 17.3 GeV → p - ap
 neXus 2. 0
3.0 < y < 3.2
5% central
1
10
10 2
0 0.25 0.5 0.75 1
 pt (GeV/c2)
1/
p t
 
dn
/d
p t
 
(c4
/G
eV
2 )
 S+Ag  200 GeV → p - ap
 neXus 2. 0
10
-1
1
10
10 2
10 3
10 4
0 0.5 1 1.5 2
 transverse mass mt (GeV/c2)
 
1/
p t
 
dn
/d
p t
 
(c4
/G
eV
2 )
 neXus 2. 0
0.5 < y < 3
b < 1.3 fm
 O/S+Au  200 GeV → p - ap
Figure 12.11: pt distributions of net protons for dierent A+B ollisions at 200 GeV (lab).
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Figure 12.12: Rapidity distributions of kaons for S+S and Pb+Pb.
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Figure 12.13: Rapidity distributions of kaons for S+Ag and S+Au.
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Figure 12.14: Rapidity distributions of (from top to bottom) lambdas, anti-lambdas, and net lambdas for S+S
and Pb+Pb.
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Figure 12.15: Rapidity distributions of (from top to bottom) lambdas, anti-lambdas, and net lambdas for S+Ag
and S+Au.
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Chapter 13
Summary
We presented a new approah for hadroni interations and for the initial stage of nulear ollisions,
whih solves several oneptual problems of ertain lasses of models, whih are presently widely
used in order to understand experimental data.
The main problem of these models is the fat that energy is not onserved in a onsistent
fashion: the fat that energy needs to be shared between many elementary interations in ase
of multiple sattering is well taken into aount when alulating partile prodution, but energy
onservation is not taken are of in ross setion alulations. Related to this problem is the fat
that dierent elementary interations in ase of multiple sattering are usually not treated equally,
so the rst interation is usually onsidered to be quite dierent ompared to the subsequent ones.
We provided a rigorous treatment of the multiple sattering aspet, suh that questions as
energy onservation are learly determined by the rules of eld theory, both for ross setion and
partile prodution alulations. In both ases, energy is properly shared between the dierent
interations happening in parallel. This is the most important and new aspet of our approah,
whih we onsider to be a rst neessary step to onstrut a onsistent model for high energy
nulear sattering.
Another important aspet of our approah is the hypothesis that partile prodution is a uni-
versal proess for all the elementary interations, from e+e− annihilation to nuleus-nuleus sat-
tering. That is why we also arefully study e+e− annihilation and deep inelasti sattering. This
allows to ontrol reasonably well for example the hadronization proedure, whih is not treatable
theoretially from rst priniples.
This work has been funded in part by the IN2P3/CNRS (PICS 580) and the Russian Foundation
of Basi Researhes (RFBR-98-02-22024).
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Appendix A
Kinematis of Two Body Collisions
A.1 Conventions
We onsider a sattering of a projetile P on a target T (hadron-hadron or parton-parton). We
dene the inident 4-momenta to be p and p′ and the transferred momentum q, so that the outgoing
momenta are p˜ = p+ q and p˜′ = p′ − q, see g. A.1. We dene as usual the Mandelstam variables
p=p+q
p’
~
 p
p’=p’-q~
Figure A.1: Two body kinematis.
s = (p+ p′)2, t = (p˜− p)2. (A.1)
Usually, we employ light one momentum variables, onneted to the energy and z-omponent of
the partile momentum, as
p± = p0 ± pz , (A.2)
and we denote the partile 4-vetor as
p = (p+, p−, ~p⊥). (A.3)
A.2 Proof of the Impossibility of Longitudinal Exitations
Here, we present a mathematial proof of the well known fat that longitudinal exitations are
impossible at high energies. Consider a ollision between two hadrons h and h′ whih leads to two
hadrons h˜ and h˜′,
h(p) + h′(p′)→ h˜(p˜) + h˜′(p˜′) (A.4)
with four-momenta p, p′, p˜, p˜′. As usual, we dene s = (p + p′)2 and t = (p˜ − p)2. For the
following, we onsider always the limit s → ∞ and ignore terms of the order p2/s. We expand
q = p˜− p = p′ − p˜′ as
q = αp+ βp′ + q⊥ , (A.5)
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and obtain
α =
2qp′
s
, β =
2qp
s
, (A.6)
where we used
p2 = 0, p′2 = 0, pq⊥ = p′q⊥ = 0, s = 2pp′. (A.7)
We get
q =
q2
s
(p− p′) + q⊥, (A.8)
having used
q = p˜− p = p′ − p˜′, p2 = p′2 = 0, p′p˜′ = pp˜ = −q2/2. (A.9)
This proves
q = q⊥ (A.10)
for s → ∞ and limited q2. In other words, momentum transfer is purely transversal at high
energies.
Appendix B
Partoni Interation Amplitudes
B.1 Semi-hard Parton-Parton Sattering
Let us derive the mathematial expression orresponding to the ontribution of so-alled semi-hard
parton-parton sattering, see g. B.1. Here p, p′ are the 4-momenta of the onstituent partons
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Figure B.1: Semi-hard ontribution Tsea−sea.
partiipating in the proess. We denote by k, k′ the 4-momenta of the rst partons entering the
perturbative evolution, i.e. the initial partons for the perturbative parton asade (haraterized
by parton virtualities Q2 > Q20). Further, we dene light one momentum frations
x+ =
p+
p+0
, x− =
p′−
p−0
, x+1 =
k+
p+0
, x−1 =
k′−
p−0
, (B.1)
with p±0 being the total light-one momenta for the interation.
At high energies, the dominant ontribution to the proess omes from the kinematial region
where these partons are slow, i.e. x±1 ≪ x±, so that a relatively small ontribution of the pertur-
bative parton asade (of the ladder part of the diagram of the g. B.1) is ompensated by the
large density of suh partons, resulted from the soft pre-evolution [24, 57℄. Sine the initial partons
k, k′ are gluons or sea quarks (ontrary to valene quarks) we talk about sea-sea ontribution.
Let us rst onsider the ase where the intermediate partons k, k′ are gluons. Then the ampli-
tude for the diagram of g. B.1 an be written as
iT ggsea−sea(sˆ, t) =
∫
d4k
(2π)4
d4k′
(2π)4
∑
λλ′γγ′δδ′ττ ′
iMgsoft(p,−k, p+ q,−k − q)λγ (B.2)
× Dgλδ
(
k2
)
Dgγτ
(
(k + q)2
)
iMgghard
(
k, k′, k + q, k′ − q,Q20
)
δτδ′τ ′
× Dgλ′δ′
(
k′2
)
Dgγ′τ ′
(
(k′ − q)2) iMgsoft(p′,−k′, p′ − q,−k′ + q)λ′γ′ ,
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where the amplitudeMgghard
(
k, k′, k + q, k′ − q,Q20
)
δτδ′τ ′
represents the perturbative ontribution of
the parton ladder with the initial partons of momenta k, k′ and with the momentum transfer along
the ladder q (hard parton-parton sattering), the amplitude Mgsoft(p, k, p+ q, k − q)λγ orresponds
to the non-perturbative soft interation between the onstituent parton with the 4-momentum p
and the gluon with the 4-momentum k, and Dλδ
g(k) is the non-perturbative gluon propagator,
Dλδ
g(k) = iD˜g
(
k2
)
ελδ(k) with ελδ(k) being the usual gluon polarization tensor in the axial gauge;
λ, γ, δ, . . . denotes symbolially the ombination of olor and Lorentz indexes for the intermediate
gluons.
As by onstrution partons of large virtualities Q2 > Q20 an only appear in the parton ladder
part of the diagram of the g. B.1, we assume that the integral
∫
d4k onverges in the region of
restrited virtualities k2 ∼ −s0 with s0 ≃ 1 GeV2 being the typial hadroni mass sale, i.e. the
ombination
Mgsoft(p,−k, p+ q,−k − q)λγ Dgλδ
(
k2
)
Dgγτ
(
(k + q)2
)
(B.3)
drops down fast with inreasing
∣∣k2∣∣; this implies that the transverse momentum k⊥ is also re-
strited to the region k⊥ ≤ s0. Similar arguments apply for k′. Further we make the usual
assumption that longitudinal polarizations in the gluon propagators Dgλδ
(
k2
)
are aneled in the
onvolution with the soft ontribution Mgsoft even for nite gluon virtualities k
2
[13℄. Finally we
assume that in the onsidered limit x±1 ≪ x± the amplitude Mgsoft(p, k, p+ q, k − q)λγ is governed
by the non-perturbative soft Pomeron exhange between the onstituent parton p and the gluon
k, whih implies in partiular that it has the singlet struture in the olor and Lorentz indexes:
Mgsoft(p, k, p+ q, k − q)λγ ∼ δλγ . (B.4)
Then, for small momentum transfer q in the proess of g. B.1 the intermediate gluons of momenta
k, k′, k+ q, k′ − q an be onsidered as real (on-shell) ones with respet to the perturbative parton
evolution in the ladder, haraterized by large momentum transfers Q2 > Q20. Then we obtain
1
K2g
∑
λλ′δδ′ττ ′
Mgghard
(
k, k′, k + q, k′ − q,Q20
)
δτδ′τ ′
(B.5)
× ελδ(k)εδτ (k + q)ελ′δ′(k′)εδ′τ ′(k′ − q) ≃ T gghard(sˆhard, q2, Q20),
where the averaging over the spins and the olors of the initial gluons k, k′ is inorporated in the
fator K2g , T
gg
hard(sˆhard, t, Q
2
0) is dened in (2.16), and sˆhard = (k + k
′)2 ≃ k+k′− = x+1 x−1 s.
Now, using (B.4-B.5) we an rewrite (B.2) as
iT ggsea−sea(sˆ, t) =
∫
dk+dk−d2k⊥
2(2π)4
dk′+dk′−d2k′⊥
2(2π)4
iT gghard(sˆhard, q
2, Q20)
×
[
−i
∑
λ
Mgsoft(p,−k, p+ q,−k − q)λλ D˜g
(
k2
)
D˜g
(
(k + q)2
)]
(B.6)
×
[
−i
∑
λ′
Mgsoft(p
′,−k′, p′ − q,−k′ + q)λ′λ′ D˜g
(
k′2
)
D˜g
(
(k′ − q)2)] .
It is onvenient to perform separately the integrations over k−, k′+, k⊥, k′⊥ keeping in mind that
the only dependene on those variables in the eq. (B.6) appears in the non-perturbative ontri-
butions in the square brakets. Let us onsider the rst of those ontributions, orresponding to
the upper soft blob at g. B.1 together with the intermediate gluon propagators (for the lower
blob the derivation is idential). Being desribed by the soft Pomeron exhange, the amplitude
Mgsoft(p,−k, p+ q,−k − q)λλ is an analytial funtion of the energy invariants sˆsoft = (p − k)2
≃ −p+k− and uˆsoft = (p + k + q)2 ≃ p+k−with the singularities in the omplex k−-plane, orre-
sponding to the values sˆsoft = s
′ − i0 for all real s′ whih are greater than some threshold value
sthr for the Pomeron asymptotis to be applied, as well as for uˆsoft = u
′ − i0, where u′ > uthr
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with some threshold value uthr [14℄. Thus one has the singularities in the variable k
−
in the upper
half of the omplex plane at k− ≃ (−s′ − i0)/p+ and in the lower half of the omplex plane at
k− ≃ (u′− i0)/p+. Then one an use the standard trik to rotate the integration ontour C in the
variable k−suh that the new ontour C′ enloses the left-hand singularities in k−, orresponding
to the right-hand singularities in the variable sˆsoft [14℄. Then one ends up with the integral over
the disontinuity of the amplitude Mgsoft on the left-hand ut in the variable k
−
, whih is up to a
minus sign equal to the disontinuity on the right-hand ut in sˆsoft:∫ +∞
−∞
dk−
[∑
λ
Mgsoft(p,−k, p+ q,−k − q)λλ D˜g
(
k2
)
D˜g
(
(k + q)2
)]
=
∫ −sthr/k+
−∞
dk− discsˆsoft
[∑
λ
Mgsoft(p,−k, p+ q,−k − q)λλ D˜g
(
k2
)
D˜g
(
(k + q)2
)]
(B.7)
=
∫ −sthr/k+
−∞
dk− 2i Im
[∑
λ
Mgsoft(p,−k, p+ q,−k − q)λλ D˜g
(
k2
)
D˜g
(
(k + q)2
)]
. (B.8)
Now, using
∫
dk− =
∫
dk2/k+ and realling our assumption that the integral over k2 gets dominant
ontribution from the region k2 ∼ −s0, we may write∫
dk−d2k⊥
(2π)4 Im
[∑
λM
g
soft(p,−k, p+ q,−k − q)λλ D˜g
(
k2
)
D˜g
(
(k + q)2
)]
= 1k+ ImT
g
soft
(
sˆsoft, q
2
)
(B.9)
with
sˆsoft = s0
p+
k+
= s0
x+
x+1
. (B.10)
The integrations over k2 in the viinity of k2 = −s0 and over k⊥ ≤ s0 are supposed to just on-
tribute to the redetermination of the Pomeron-gluon oupling of the usual soft Pomeron amplitude,
and therefore we parameterize the amplitude T gsoft as (ompare with eq. (2.5))
T gsoft(sˆ, t) = 8πs0η(t) γpartγg
(
sˆ
s0
)α
P
(0)
exp
(
λ(1)soft(sˆ/s0) t
) (
1− s0
sˆ
)βg
, (B.11)
with
λ(1)soft(z) = R
2
part + α
′
soft lnz, (B.12)
where we used γg for the Pomeron-gluon oupling and we negleted the radius of the Pomeron-
gluon vertex assuming that the oupling is loal in the soft Pomeron; the fator (1− s0/sˆ)βg is
inluded to ensure that the Pomeron has suiently large mass, whih is the neessary ondition
for applying Regge desription for the soft evolution. As we shall see below the parameter βg
determines the gluon momentum distribution in the Pomeron at x±1 → x±.
Finally, using the above results we obtain
iT ggsea−sea(sˆ, t) =
∫
dk+
k+
dk′−
k′−
ImT gsoft(sˆsoft, t) ImT
g
soft(sˆ
′
soft, t) iT
gg
hard(sˆhard, t, Q
2
0) (B.13)
=
∫ 1
0
dz+
z+
dz−
z−
ImT gsoft
( s0
z+
, t
)
ImT gsoft
( s0
z−
, t
)
iT gghard(z
+z−sˆ, t, Q20), (B.14)
where the following denitions have been used:
z± =
x±1
x±
, sˆsoft = s0
x+
x+1
=
s0
z+
, sˆ′soft = s0
x−
x−1
=
s0
z−
, sˆhard = x
+
1 x
−
1 s = z
+z−sˆ. (B.15)
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In the ase of the intermediate parton k being a (anti-)quark, we assume that it originates from
loal gluon splitting in the soft Pomeron. Thus we neglet the slope of the (non-perturbative)
gluon-quark vertex. Using the usual Altarelli-Parisi kernel P qg (z) =
1
2 (z
2 + (1− z)2) for the gluon
light one momentum partition between the quark and the anti-quark, we get the orresponding
amplitude T qgsea−sea(sˆ, t) as
iT qgsea−sea(sˆ, t) =
∫ 1
0
dz+
z+
dz−
z−
ImT qsoft
( s0
z+
, t
)
ImT gsoft
( s0
z−
, t
)
iT qghard(z
+z−sˆ, t, Q20), (B.16)
where the imaginary part of the amplitude ImT qsoft for the soft Pomeron exhange between the
onstituent parton and the quark q ∈ {u, d, s, u¯, d¯, s¯} is expressed via ImT gsoft as
ImT qsoft(sˆsoft, t) = γqg
∫
dξ P qg (ξ) ImT
g
soft(ξ sˆsoft, t), (B.17)
with γqg representing the quark-gluon vertex value and ξ being the ratio of the quark and the
parent gluon light one momentum, ξ = k+/k+g ; the mass squared of the Pomeron between the
initial onstituent parton and the gluon is then
(p− kg)2 ≃ s0 p
+
k+g
= ξ sˆsoft. (B.18)
The full amplitude for the semi-hard sattering is the sum of the dierent terms disussed
above, i.e.
iTsea−sea(sˆ, t) =
∑
jk
iT jksea−sea(sˆ, t)
=
∑
jk
∫ 1
0
dz+
z+
dz−
z−
ImT jsoft
( s0
z+
, t
)
ImT ksoft
( s0
z−
, t
)
iT jkhard(z
+z−sˆ, t, Q20),(B.19)
where j, k denote the types (avors) of the initial partons for the perturbative evolution (quarks
or gluons).
The disontinuity of the amplitude Tsea−sea(sˆ, t) on the right-hand ut in the variable sˆ denes
the ontribution of the ut diagram of the g. B.1. Cutting proedure amounts here to replae the
hard parton-parton sattering amplitude iT jkhard(sˆhard, t, Q
2
0) in (B.19) by 2ImT
jk
hard(sˆhard, t, Q
2
0),
whereas the ontributions of the soft parton asades ImT jsoft stay unhanged as they are already
dened by the disontinuities in the orresponding variables sˆsoft and sˆ
′
soft. So the ut diagram
ontribution is just 2ImTsea−sea(sˆ, t). At t = 0 it denes the ross setion for the semi-hard
parton-parton sattering:
σsea−sea(sˆ) =
1
2sˆ
2ImTsea−sea(sˆ, 0) =
∑
jk
∫ 1
0
dz+dz−Ejsoft
(
z+
)
Eksoft
(
z−
)
σjkhard(z
+z−sˆ, Q20),
(B.20)
where we used the expliit expressions (2.16), (B.11), (B.17) for T jkhard, T
j
soft, and the funtions
Ejsoft are dened as
Egsoft (z) = 8πs0γpartγg z
−αsoft(0) (1− z)βg (B.21)
Eqsoft (z) = γqg
∫ 1
z
dξ P qg (ξ)E
g
soft
(
z
ξ
)
. (B.22)
It is easy to see that Ejsoft (z) has the meaning of the momentum distribution of parton j at the
sale Q20 for an elementary interation, i.e. parton distribution in the soft Pomeron. Introduing
the gluon splitting probability wsplit and the oupling γ˜g via
γqgγg = wsplit γ˜g, γg = (1− wsplit) γ˜g, (B.23)
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the light one momentum onservation reads
1 =
∫ 1
0
dz
∑
j
z Ejsoft (z) = 8πs0γpartγ˜g
∫ 1
0
dz z1−αsoft(0) (1− z)βg (B.24)
and therefore
γ˜g =
1
8πs0γpart
Γ(3− αsoft(0) + βg)
Γ(2− αsoft(0)) Γ(1 + βg) (B.25)
B.2 Parton Evolution
In this appendix, we disuss the properties of the evolution funtion EQCD, desribing the pertur-
bative evolution of partons.
The evolution funtion EjmQCD
(
z,Q20, Q
2
)
satises the usual DGLAP equation
dEjmQCD
(
Q20, Q
2, x
)
d lnQ2
=
∑
k
∫ 1
x
dz
z
αs
2π
P˜mk (z)E
jk
QCD
(x
z
,Q20, Q
2
)
(B.26)
with the initial ondition EjmQCD
(
Q20, Q
2
0, z
)
= δmj δ(1−z). Here P˜mk (z) are the usual Altarelli-Parisi
splitting funtions, regularized at z → 1 by the ontribution of virtual emissions.
partons
and virtual
unresolvable
Figure B.2: Unresolvable emissions are summed over, providing the so-alled Sudakov form fator.
One an introdue the onept of resolvable parton emission, i.e. an emission of a nal (s-
hannel) parton with a nite share of the parent parton light one momentum (1 − z) > ǫ =
p2⊥res /Q
2
(with nite relative transverse momentum p2⊥ = Q
2(1 − z) > p2⊥res ) [58℄ and use the
so-alled Sudakov form fator, orresponding to the ontribution of any number of virtual and
unresolvable emissions (i.e. emissions with (1− z) < ǫ) - see g. B.2.
∆k(Q20, Q
2) = exp
{∫ Q2
Q20
dq2
q2
∫ 1
1−ǫ
dz
αs
2π
P˜ kk (z)
}
(B.27)
This an also be interpreted as the probability of no resolvable emission between Q20 and Q
2
.
Then EjmQCD an be expressed via E¯
jm
QCD, orresponding to the sum of any number (but at least
one) resolvable emissions, allowed by the kinematis:
EjmQCD
(
z,Q20, Q
2
)
= δmj δ(1− z)∆j(Q20, Q2) + E¯jmQCD
(
z,Q20, Q
2
)
, (B.28)
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where E¯jmQCD
(
z,Q20, Q
2
)
satises the integral equation
E¯jmQCD
(
x,Q20, Q
2
)
=
∫ Q2
Q20
dQ21
Q21
[∑
k
∫ 1−ǫ
x
dz
z
αs
2π
Pmk (z) E¯
jk
QCD
(x
z
,Q20, Q
2
1
)
+
+ ∆j(Q20, Q
2
1)
αs
2π
Pmj (x)
]
∆m(Q21, Q
2) (B.29)
Here P kj (z) are the Altarelli-Parisi splitting funtions for real emissions, i.e. without δ-funtion
and regularization terms at z → 1.
n-> oo
n 1
 Σ
i=1
n
n-> ooQCDE = lim = lim n
n = +
Figure B.3: The alulation of E¯QCD.
Eq. (B.29) an be solved iteratively, expressing E¯jmQCD as the ontribution of at most n (n→∞)
resolvable emissions (of an ordered ladder with at most n ladder rungs) - see g. B.3:
E¯jmQCD(Q
2
0, Q
2, x) = lim
n→∞
E
(n)jm
QCD (Q
2
0, Q
2, x), (B.30)
with
E
(n)jm
QCD
(
x,Q20, Q
2
)
=
∫ Q2
Q20
dQ21
Q21
[∑
k
∫ 1−ǫ
x
dz
z
αs
2π
Pmk (z)E
(n−1)jk
QCD
(x
z
,Q20, Q
2
1
)]
× ∆m(Q21, Q2) + E(1)jmQCD
(
x,Q20, Q
2
)
(B.31)
E
(1)jm
QCD
(
x,Q20, Q
2
)
=
∫ Q2
Q20
dQ21
Q21
∆j(Q20, Q
2
1) ∆
m(Q21, Q
2)
αs
2π
Pmj (z) (B.32)
So the proedure amounts to only onsidering resolvable emissions, but to multiply eah propagator
with ∆j , whih is the reason for the appearane of ∆j in eqs. (B.29), (B.31-B.32).
B.3 Time-Like Parton Splitting
We disuss here the algorithm for Monte Carlo generation of time-like parton emission on the basis
of the eq. (6.25).
The standard proedure is to apply the Monte Carlo rejetion method [27℄. We onsider the
splitting of a parton j with a maximal virtuality Q2jmax given by the preeding proess. For the
proposal funtion, we dene the limits in z for given Q2j using an approximate formula
p2⊥ ≃ z(1− z)Q2j − zQ2l − (1− z)Q2k (B.33)
instead of the exat one, eq. (6.28), with the lowest possible virtualities for daughter partons
Q2k = Q
2
l = p
2
⊥fin, whih gives
zmin /max(Q
2
j) =
1
2
± 1
2
√
1− 4p
2
⊥fin
Q2j
. (B.34)
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Further, we dene upper limits,
P¯ gg (z) = 3
{
1
z
+
1
1− z
}
,
P¯ qg (z) =
Nf
2
, (B.35)
P¯ gq (z) =
4
3
2
1− z ,
for the splitting funtions,
1
2
P gg (z) = 3
(1− z(1− z))2
z(1− z) ,
1
2
∑
i∈{u,d,s,u¯,d¯,s¯}
P ig(z) =
Nf
2
(z2 + (1− z)2), (B.36)
P gq (z) =
4
3
1 + z2
1− z ,
with Nf being the number of ative quark avors. Integrating these three funtions P¯
k
j (z) over z
from zmin = zmin(Q
2
j) to zmax = zmax(Q
2
j) as
Ikj (Q
2
j ) =
∫ zmax
zmin
dz P¯ kj (z), (B.37)
one obtains
Igg (Q
2
j) = 3
(
ln
(
zmax
zmin
)
+ ln
(
1− zmin
1− zmax
))
(B.38)
Iqg (Q
2
j) =
nf
2
(zmax − zmin) (B.39)
Iqq (Q
2
j) =
8
3
ln
(
1− zmin
1− zmax
)
. (B.40)
Dening Ij(Q
2
j) as
Ij(Q
2
j) =
{
Igg (Q
2
j) + I
q
g (Q
2
j )
}
δgj + I
q
q (Q
2
j) δ
q
j , (B.41)
we propose the value Q2j based upon the probability distribution
fj(Q
2
j) = −
αmax
2π
Ij(Q
2
j)
1
Q2j
, (B.42)
with αmax = αs(p
2
⊥min) = αs(p
2
⊥fin). The avor k of the daughter parton is then hosen aording
to partial ontributions Ikj (Q
2
j ) in (B.41), and the value of z aording to the funtions P¯
k
j (z).
The proposed values for Q2j = Q
2
, k, and z are aepted aording to the probability
αs(p
2
⊥)
αmax
wkj , (B.43)
with p2⊥ = z(1− z)Q2j and
wgg = (1 − z(1− z))2, (B.44)
wqg = z
2 + (1− z)2, (B.45)
wgq = (1 + z
2)/2 . (B.46)
Otherwise, the proposal is rejeted and one looks for another splitting with Q2jmax = Q
2
j .
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Appendix C
Hadron-Hadron Amplitudes
In this appendix, we disuss the hadron-hadron sattering amplitude Th1h2 , where h1 and h2
represent any pair of hadrons.
C.1 Negleting Valene Quark Satterings
We start with the general expression for hadron-hadron sattering amplitude, eq. (2.31),
iTh1h2(s, t) =
∞∑
n=1
1
n!
∫ n∏
l=1
[
d4kl
(2π)4
d4k′l
(2π)4
d4ql
(2π)4
]
N
(n)
h1
(p, k1, . . . , kn, q1, . . . , qn)
×
n∏
l=1
[
iT1IP(sˆl, q
2
l )
]
N
(n)
h2
(p′, k′1, . . . , k
′
n,−q1, . . . ,−qn) (2π)4δ(4)
(
n∑
k=1
qi − q
)
, (C.1)
with t = q2, s = (p + p′)2 ≃ p+p′−, and with p, p′ being the 4-momenta of the initial hadrons.
We onsider for simpliity idential parton onstituents (negleting valene quark satterings) and
take T1IP to be the sum of the soft Pomeron exhange amplitude (see eq. (2.5)) and the semi-hard
sea-sea sattering amplitude (see eq. (??)):
T1IP(sˆl, q
2
l ) = Tsoft(sˆl, q
2
l ) + Tsea−sea(sˆl, q
2
l ), (C.2)
with sˆl = (kl + k
′
l)
2 ≃ k+l k′−l . The momenta kl, k′l and ql denote orrespondingly the 4-momenta
of the initial partons for the l-th sattering and the 4-momentum transfer in that partial pro-
ess. The fator 1/n! takes into aount the idential nature of the n sattering ontributions.
N
(n)
h (p, k1, . . . , kn, q1, . . . , qn) denotes the ontribution of the vertex for n-parton oupling to the
hadron h.
We assume that the initial partons kl, k
′
l are haraterized by small virtualities k
2
l ∼ −s0,
k′2l ∼ −s0, and therefore by small transverse momenta k2l⊥ < s0, k′2l⊥ < s0, so that the general
results of the analysis made in [3, 14℄ are appliable for the hadron-parton verties N
(n)
h . Using
d4kl =
1
2
dk+l dk
−
l d
2kl⊥ , d
4ql =
1
2
dq+l dq
−
l d
2ql⊥ , (C.3)
we an perform the integrations over k−l , kl⊥ , q
−
l and k
′+
l , k
′
l⊥
, q+l separately for the upper and the
lower vertexes by making use of
q2l ≃ −q2l⊥ , k−l , q−l ≪ k′−l , k′+l , q+l ≪ k+l , (C.4)
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as well as the fat that the integrals dk+l , dk
′−
l are restrited by the physial region
0 < k+l ≤ p+,
∑
l
k+l ≤ p+, (C.5)
(similar for k′−l ) [14℄. We shall onsider expliitly the upper vertex as for the lower one the
derivation is idential. The integrals over k−l , q
−
l are dened by the disontinuities of the analyti
amplitude N
(n)
h with respet to the singularities in the orresponding energy invariants
s+1 = (p− k1)2 ≃ −p+k−1 ,
... (C.6)
s+n = (p− k1 − · · · − kn)2,
and
s+q1 = (p+ q1)
2 ≃ p+q−1 ,
... (C.7)
s+qn−1 = (p+ q1 + · · ·+ qn−1)2.
As the proesses orresponding to large values of s+l , s
+
ql need an expliit treatment (the so-alled
enhaned diagrams, see hapter 5), we only get ontributions from the region of large k+l ∼ p+, so
that
s+l ≃ −p+(k−1 + · · ·+ k−l ) ∼ s0
(
p+
k+1
+ · · ·+ p
+
k+l
)
< M20 , (C.8)
whereM20 is some minimal mass for the Pomeron asymptotis to be applied. The similar argument
holds for the momenta q−l , suh that
s+ql ≃ p+(q−1 + · · ·+ q−l ) < M20 . (C.9)
Using
dq−l =
ds+ql
p+
, dk−l =
dk2l
k+l
, (C.10)
we get ∫ n∏
l=1
[
d4kl
(2π)4
] n−1∏
l=1
[
dq−l
2π
]
N
(n)
h1
(p, k1, . . . , kn, q1, . . . , qn)
=
∫ n∏
l=1
[
dk2l dk
+
l d
2kl⊥
2(2π)4k+l
Θ
(
s+l
)] n−1∏
l=1
[
ds+ql
2πp+
Θ
(
s+ql
)]
× discs+1 ,...,s+n ,s+q1 ,...,s+qn−1 N
(n)
h1
(p, k1, . . . , kn, q1, . . . , qn)Θ
1− n∑
j=1
x+j

≡ 1
(p+)n−1
∫ 1
0
n∏
l=1
dx+l
x+l
F
(n)
h1
(
x+1 , . . . x
+
n , q
2
1⊥
, . . . , q2n⊥
)
Θ
1− n∑
j=1
x+j
 . (C.11)
The only dierene of the formula eq. (C.11) from the traditional expression for F
(n)
h in [3, 14℄
is the fat that we keep expliitly the integrations over the light one momentum shares of the
onstituent partons x+l = k
+
l /p
+
. Further we assume that the dependenes on the light one
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momentum frations x+l and on the momentum transfers along the Pomerons q
2
l ≃ −q2l⊥ fatorize
in F
(n)
h , and we use the Gaussian parameterization for the latter one,
F
(n)
h
(
x+1 , . . . x
+
n , q
2
1⊥ , . . . , q
2
n⊥
)
= F˜
(n)
h
(
x+1 , . . . x
+
n
)
exp
−R2h n∑
j=1
q2j⊥
 , (C.12)
where the parameter R2h is known as the hadron Regge slope [14℄. Based on the above disussion
and a orresponding treatment of the lower part of the diagram, eq. (B.2) an be rewritten as
iTh1h2(s, t) =
∞∑
n=1
1
n!
∫ n−1∏
l=1
[
d2ql⊥
8π2s
] ∫ 1
0
n∏
l=1
dx+l
x+l
dx−l
x−l
F˜
(n)
h1
(
x+1 , . . . x
+
n
)
F˜
(n)
h2
(
x−1 , . . . x
−
n
)
×
n∏
l=1
[
iT1IP
(
sˆl,−q2l⊥
)
exp
(− [R2h1 +R2h2] q2l⊥)] Θ
1− n∑
j=1
x+j
 Θ
1− n∑
j=1
x−j

(C.13)
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Figure C.1: Nuleon Fok state.
The formula (C.13) an be also obtained using the parton momentum Fok state expansion of
the hadron eigenstate [5℄
|h〉 =
∞∑
k=1
1
k!
∫ 1
0
k∏
l=1
dxl fk(x1, . . . xk) δ
1− k∑
j=1
xj
 a+(x1) · · · a+(xk) |0〉 , (C.14)
where fk(x1, . . . xk) is the probability amplitude for the hadron h to onsist of k onstituent partons
with the light one momentum frations x1, . . . , xk and a
+(x) is the reation operator for a parton
with the fration x. fk(x1, . . . xk) satises the normalization ondition
∞∑
k=1
1
k!
∫ 1
0
k∏
l=1
dxl |fk(x1, . . . xk)|2 δ
1− k∑
j=1
xj
 = 1 (C.15)
Then, for the ontribution of n pair-like satterings between the parton onstituents of the projetile
and target hadrons one obtains eq. (C.13), as shown in [5℄, with
1
n!
F˜
(n)
h (x1, . . . xn) =
∞∑
k=n
1
k!
k!
n! (k − n)!
∫ 1
0
k∏
l=n+1
dxl |fk(x1, . . . xk)|2 δ
1− k∑
j=1
xj

(C.16)
representing the inlusive momentum distributions of n partiipating parton onstituents, in-
volved in the sattering proess. From the normalization ondition (C.15) follows the momentum
onservation onstraint ∫ 1
0
dxxF˜
(1)
h (x) = 1 (C.17)
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To get further simpliations, we assume that F˜
(n)
h1(h2)
(x1, . . . xn) an be represented in a fa-
torized form as a produt of the ontributions Fhpart(xl), depending on the momentum shares xl
of the partiipating or ative parton onstituents, and on the funtion Fhremn
(
1−∑nj=1 xj),
representing the ontribution of all spetator partons, sharing the remaining share 1−∑j xj of
the initial light one momentum (see g. C.1). So we have
F˜
(n)
h (x1, . . . xn) =
n∏
l=1
Fhpart(xl) F
h
remn
1− n∑
j=1
xj

(C.18)
The partiipating parton onstituents are assumed to be quark-anti-quark pairs (not neessarily of
idential avors), suh that the baryon numbers of the projetile and of the target are onserved.
So we have x = xq + xq¯ with xq and xq¯ being the light-one momentum frations of the quark and
the anti-quark. The funtion Fhpart may thus be written as
Fhpart(x) =
∫
dxqdxq¯ F¯
h
part(xq, xq¯) δ(x − xq − xq¯). (C.19)
In ase of soft or semi-hard Pomerons, F¯hpart is taken as a produt of two asymptotis x
−αq
i , i = q, q¯,
so we have
Fhpart(x) = γhx
−αpart , (C.20)
with αpart = 2αq − 1. The parameter αq denes the probability to slow down the onstituent
(dressed) (anti-)quark; it is related to the Regge interept of the qq¯-trajetory [59℄: αq = αIR(0) ≃
0.5. The remnant funtion Fhremn denes the probability to slow down the initial hadron quark
onguration; it is assumed to be of the form
Fhremn(x) = x
αhremn , (C.21)
with an adjustable parameter αhremn. Using (C.18-C.21), the eq. (C.13) an be rewritten as
iTh1h2(s, t) = 8π
2s
∞∑
n=1
1
n!
∫ 1
0
n∏
l=1
dx+l dx
−
l
n∏
l=1
[
1
8π2sˆl
∫
d2ql⊥ iT
h1h2
1IP
(
x+l , x
−
l , s,−q2l⊥
)]
× Fh1remn
1− n∑
j=1
x+j
 Fh2remn
1− n∑
j=1
x−j
 δ(2)( n∑
k=1
~qk⊥ − ~q⊥
)
. (C.22)
with
T h1h21IP
(
x+l , x
−
l , s,−q2l⊥
)
= T1IP
(
sˆl,−q2l⊥
)
Fh1part(x
+
l )F
h2
part(x
−
l ) exp
(− [R2h1 +R2h2] q2l⊥) (C.23)
representing the ontributions of elementary interations plus external legs.
C.2 Inluding Valene Quark Hard Satterings
To inlude valene quark hard satterings one has to replae the inlusive parton momentum
distributions
1
n!
F˜
(n)
h (x1, . . . xn) (C.24)
in (C.13) by the momentum distributions
1
nv! (n− nv)! F˜
(n,nv)i1,...inv
h
(
xv1 , . . . , xvnv , xnv+1, . . . , xn
)
, (C.25)
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orresponding to the ase of nv partons being valene quarks with avors i1, . . . , inv (taken at the
virtuality sale Q20) and other n − nv partons being usual non-valene partiipants (quark-anti-
quark pairs). One has as well to take into aount dierent ontributions for satterings between
a pair of valene quarks or between a valene quark and a non-valene partiipant. In partiular,
for a single hard sattering on a valene quark we have to use
F˜
(1,1)
h (xv) = q
i
val(xν), (C.26)
where qival is the momentum distribution of a valene quark of avor i at the sale Q
2
0. In order
to onserve the initial hadron baryon ontent and to keep the simple fatorized struture (C.18),
we assoiate a quasi-spetator anti-quark to eah valene quark interation, dening the joint
ontribution F¯ ipart (xv, xq¯) of the valene quark with the avor i and the anti-quark. Thus we have
F˜
(n,nv)i1,...,inv
h
(
xv1 , . . . , xvnv , xnv+1 , . . . , xn
)
(C.27)
=
nv∏
l=1
[∫ 1
xvl
dxl F¯
h,il
part (xvl , xl − xvl)
]
n∏
m=nv+1
Fhpart(xm) F
h
remn
(
1−
n∑
k=1
xk
)
,
where xl is the sum of the momentum frations of l
th
valene quark and the orresponding anti-
quark; we allow here formally any number of valene quark partiipants (based on the fat that
multiple valene type proesses give negligible ontribution to the sattering amplitude). By on-
strution the integral over xq¯ of the funtion F˜
(1,1)i
h (xv, xq¯) gives the inlusive momentum distri-
bution of the valene quark i. Thus the funtion F¯ ipart has to meet the ondition∫ 1−xv
0
dxq¯ F¯
h,i
part(xv, xq¯) F
h
remn(1− xv − xq¯) = qival(xv, Q20) (C.28)
Assuming that the anti-quark momentum distribution behaves as (xq¯)
−αR
, and using the above-
mentioned parameterization for Fhremn, we get
F¯h,ipart(xv, xq¯) = N
−1 qival(xv, Q
2
0)(1 − xv)αIR−1−αremn(xq¯)−αIR , (C.29)
with the normalization fator
N =
Γ(1 + αremn) Γ(1− αIR)
Γ(2 + αremn − αIR) . (C.30)
Now we an write the normalization ondition (C.17) for ative (partiipating in an interation)
partons as∫ 1
0
dxxFhpart(x) F
h
remn(1− x) +
∑
i
∫ 1
0
xvdx
∫ x
0
dxv F¯
h,i
part(xv, x− xv) Fhremn(1− x) = 1, (C.31)
whih gives
γh = (1− 〈xv〉)
Γ
(
3− αpart + αhremn
)
Γ(2− αpart) Γ(1 + αhremn)
, (C.32)
with
〈xv〉 =
∑
i
∫ 1
0
xvdxv q
i
val(xv, Q
2
0) (C.33)
being the average light one momentum fration arried by valene quarks.
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C.3 Enhaned Diagrams
In this appendix, we demonstrate how triple Pomeron ontributions appear naturally in the Gribov-
Regge formalism under ertain kinematial onditions, and we derive a formula for the hadron-
hadron sattering amplitude in this ase.
To introdue enhaned type diagrams let us ome bak to the proess of double soft Pomeron
exhange, whih is a partiular ase of the diagram of g 2.7. The orresponding ontribution
to the elasti sattering amplitude is given in eqs. (2.31), (C.11) with n = 2 and with T1IP being
replaed by Tsoft:
iT
(2)
h1h2
(s, t) =
1
2
∫
d4k1
(2π)4
d4k′1
(2π)4
d4k2
(2π)4
d4k′2
(2π)4
d4q1
(2π)4
Θ
(
s+1
)
Θ
(
s−1
)
Θ
(
s+2
)
Θ
(
s−2
)
Θ
(
s+q1
)
Θ
(
s−q1
)
× discs+1 ,s+2 ,s+q1 N
(2)
h1
(p, k1, k2, q1, q − q1)
×
2∏
l=1
[
iTsoft(sˆl, q
2
l )
]
discs−1 ,s
−
2 ,s
−
q1
N
(2)
h2
(p′, k′1, k
′
2,−q1,−q + q1) (C.34)
see g. C.2.
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Figure C.2: Double Pomeron exhange.
We are now interested in the ontribution with some of the invariants
s+1 = (p− k1)2 ≃ −p+k−1 ,
s+2 = (p− k1 − k2)2 ≃ −p+(k−1 + k−2 ), (C.35)
s+q1 = (p+ q1)
2 ≃ p+q−1 ,
being large, implying k−i , q
−
1 to be not too small. As was shown in [14℄, one an restrit the
integration region to s+i ≤ s+q1 , beause s+i ≫ s+q1 , (k−i ≫ q−1 ) either orrespond to proesses
with exhange of more than two Pomerons or to the Pomeron self-oupling, the latter one just
renormalizing the Pomeron amplitude. Then from
k2i , k
′2
i , (k
′
1 − q1)2, (k1 + q1)2, (k2 − q1 − q)2 ∼ −s0 (C.36)
it follows that
k−i ∼ −
s0
k+i
, k′+i ∼ −
s0
k′−i
, q+1 ∼ −
s0
k′−1
, q−1 ∼
s0
k+1
,
s0
k+2
(C.37)
and orrespondingly k+1 ∼ k+2 and the invariants s+1 , s+2 , s+q1 are of the same order. The ver-
tex N
(2)
h for large s
+
q1 an be desribed by the soft Pomeron asymptotis and we may write
discs+1 ,s
+
2 ,s
+
q1
N
(2)
h1
(p, k1, k2, q1, q − q1) as a produt of the Pomeron-hadron oupling N (1)h (p, k, q),
twie imaginary part of the soft Pomeron exhange amplitude 2ImTsoft
(
(k − k12)2, q2
)
with k12 =
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k1 + k2, and a term V
3P(k12, k1, k2, q, q1, q − q1) desribing the oupling of the three Pomerons1.
So we get∫
d4k1
(2π)4
d4k2
(2π)4
dq−1
2π
Θ
(
s+1
)
Θ
(
s+2
)
Θ
(
s+q1
)
discs+1 ,s
+
2 ,s
+
q1
N
(2)
h1
(p, k1, k2, q1, q − q1)
=
∫
d4k1
(2π)4
d4k2
(2π)4
dq−1
2π
Θ
(
s+1
)
Θ
(
s+2
)
Θ
(
s+q1
) d4k
(2π)4
d4k12
(2π)4
(2π)4δ(k12 − k1 − k2)
× N (1)h1 (p, k, q) 2ImTsoft
(
(k − k12)2, q2
)
V 3IP(k12, k1, k2, q, q1, q − q1)
=
∫
dk+dk2d2k⊥
2k+(2π)4
Θ
(
s+0
)
discs+0
N
(1)
h1
(p, k, q)
∫
dk+12dk
2
12d
2k12⊥
2k+12(2π)
4
2ImTsoft
(
(k − k12)2, q2
)
×
∫
dk+1 dk
2
1d
2k1⊥
2k+1 (2π)
4
d(k12 − k1 − q1 − q)2
2π(k+12 − k+1 )
Θ
(
s+1
)
Θ
(
s+2
)
Θ
(
s+q1
)
× V 3IP(k12, k1, k12 − k1, q, q1, q − q1) (C.38)
see g. C.3, with s+0 = (p− k)2 ≃ −p+k− and dq−1 = 1k+2 d(k2 − q1 − q)
2
. Now we an perform the
1 2q
1k
q
q
p
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p+q
2
k12
k
Figure C.3: Three Pomeron oupling.
integrations over k2, k212, k
2
1 , (k2 − q1 − q)2 assuming their onvergene in the region k2i ∼ −s0, as
well as over k⊥, k12⊥ , k1⊥ ≤ s0 to transform eq. (C.38) to the form∫
dx+ Fh1part(x
+)Fh1remn
(
1− x+) exp(−R2h1q2⊥) ∫ dx+12x+12 12s+ ImTsoft(s+,−q2⊥) ×
×
∫
dz+
x+1 (x
+
12 − x+1 ) p+
V˜ 3IP
(
−q2⊥,−q21⊥ ,− (~q⊥ − ~q1⊥)
2
)
(C.39)
with
x+ = k+/p+, (C.40)
x+12 = k
+
12/p
+, (C.41)
x+1 = k
+
1 /p
+, (C.42)
x+12 − x+1 = (k+12 − k+1 )/p+ = k+2 /p+, (C.43)
z+ = k+1 /k
+
12 = x
+
1 /x
+
12, (C.44)
s+ = (k − k12)2 ≃ −k+k−12 ≃ s0k+/k+12 = s0x+/x+12. (C.45)
1
The triple Pomeron vertex is assumed to have nonplanar struture, orresponding to having the two lower
Pomerons in parallel; the planar triple-Pomeron vertex would orrespond to subsequent emission of these Pomerons
and gives no ontribution in the high energy limit [60℄.
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We used (see eq. (C.11-C.18))∫
dk2d2k⊥
2(2π)4
Θ
(
s+0
)
discs+0
N
(1)
h (p, k, q) = F
h
part(x
+)Fhremn
(
1− x+) exp(−R2hq2⊥) (C.46)
and the denition
V˜ 3IP
(−q2⊥,−q21⊥ ,−(~q⊥ − ~q1⊥)2) = s0 ∫ dk212d2k12⊥(2π)4 dk21d2k1⊥(2π)4 d
[
(k12 − k1 − q1 − q)2
]
2π
(C.47)
× Θ(s+1 )Θ(s+2 )Θ(s+q1) V 3IP(k12, k1, k12 − k1, q, q1, q − q1) .
We have also taken into aount the fat that the triple Pomeron vertex V 3IP has a salar struture,
and we therefore suppose that it an only depend on the invariants
k2i , (k1 + q1)
2, (k2 − q1 − q)2 ∼ −s0, q2 ≃ −q2⊥, q21 ≃ −q21⊥ , q22 ≃ −(q⊥ − q1⊥)2 (C.48)
and on the partition of the light one momentum k+12 between the two lower Pomerons,
z+ = k+1 /k
+
12 = (p
′ + k1)2/(p′ + k12)2.
Furthermore, we did assume the at distribution in z+ in order to obtain k+1 ∼ k+2 ∼ k+12/2 (see
the disussion above). We use the Gaussian parameterization for the q2i -dependene of V˜
3IP
,
V˜ 3IP
(−q2⊥,−q21⊥ ,−q22⊥) ≡ r3IP exp(−R23IP [q2⊥ + q21⊥ + q22⊥]) , (C.49)
where r3IP is the triple-Pomeron oupling and R
2
3IP is the slope of the triple-Pomeron vertex. The
slope R23IP is known to be small and will be negleted in the following.
Now, using (C.34-C.49) for the upper vertex and doing the usual treatment (C.11-C.18) of the
lower one, we get for the triple Pomeron amplitude
iT 3IP−h1h2(s, t) =
∫ 1
0
dx+
x+
dx−
x−
Fh1remn
(
1− x+) Fh2remn(1− x−) iT h1h23IP− (x+, x−, s, t) (C.50)
with
iT h1h23IP+ (x
+, x−, s, t) = 8π2x+x−s
r3IP
2
∫ x+
s0/x−
dx+12
x+12
[
1
2s+
ImT h1
(
x+, s+,−q2⊥
)]
×
∫
dz+
∫
d2q1⊥d
2q2⊥
∫ x−
0
dx−1 dx
−
2
2∏
l=1
[
1
8π2sˆl
iT h2
(
x−l , sˆl,−q2l⊥
)]
× δ(x− − x−1 − x−2 ) δ(2)(~q⊥ − ~q1⊥ − ~q2⊥) , (C.51)
with
T h
(
x, sˆ,−q2⊥
)
= T hsoft
(
x, sˆ,−q2⊥
)
= Tsoft
(
sˆ,−q2⊥
)
Fhpart(x) exp
(−R2h q2⊥) (C.52)
and
sˆ1 = x
+
12z
+x−1 s, sˆ2 = x
+
12(1− z+)x−2 s. (C.53)
The sign − in 3IP− refers to the Pomeron splitting towards the target hadron (reversed
Y -diagram); the lower limit for the integral dx+12 is due to x
−
12 ≃ s0/x+12 < x−.
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C.4 Parton Generation for Triple-Pomeron Diagrams
The inlusion of the triple-Pomeron ontributions results only in slight modiation of the standard
proedure. Now the full ontribution of an elementary interation is
Gh1h21IP (x
+, x−, s, b) +
∑
σ
2∑
i=0
̂̂
G
h1h2
3IPσ(i)(x
+, x−, xproj, xtarg, s, b), (C.54)
where xproj, xtarg are the orresponding remnant light one momentum frations, and with the
ontributions of dierent uts of triple-Pomeron diagrams being obtained from eq. (5.54), together
with eqs. (5.54), (5.47-5.49) as
̂̂
G
h1h2
3IP−(0)(x
+, x−, xproj, xtarg, s, b) =
r3IP
8
∫
d2b1
1
x−
Gh1(x+, x+x−s,
∣∣∣~b−~b1∣∣∣)
×
∫ xtarg
0
dxˆ−
∫ 1
0
dz+
∫ xˆ−+x−
0
dx−1 G
h2(x−1 , x
−
1
s0
x−
z+s, b1)
× Gh2(xˆ− + x− − x−1 , (xˆ− + x− − x−1 )
s0
x−
(1− z+)s, b1)
× Fremn (x
targ − xˆ−)
Fremn (xtarg)
(C.55)
and
̂̂
G
h1h2
3IP−(1)(x
+, x−, xproj, xtarg, s, b) = −r3IP
2
∫
d2b1
∫ x+
s0/(x−s)
dx+12
x+12
Gh1(x+, s+,
∣∣∣~b−~b1∣∣∣)
×
∫ 1
0
dz+Gh2(x−, x+12z
+x−s, b1)
×
∫ xtarg
0
dxˆ−Gh2(xˆ−, x+12(1− z+)xˆ−s, b1)
× Fremn (x
targ − xˆ−)
Fremn (xtarg)
(C.56)
and
̂̂
G
h1h2
3IP−(2)(x
+, x−, xproj, xtarg, s, b) =
r3IP
4
∫
d2b1
∫ x+
s0/(sx−)
dx+12
x+12
Gh1(x+, s+,
∣∣∣~b−~b1∣∣∣) (C.57)
×
∫ 1
0
dz+
∫ x−
0
dx−1 G
h2(x−1 , sˆ1, b1)G
h2(x− − x−1 , sˆ2, b1)
(similarly for
̂̂
G
h1h2
3IP+(i)). Thus, the elementary proess splits into a single elementary sattering
ontribution  with the weight
̂̂
G
h1h2
1IP = G
h1h2
1IP +
∑
σ
1∑
i=0
̂̂
G
h1h2
3IPσ(i), (C.58)
and the ontribution with all three Pomerons being ut  with the weight
̂̂
G
h1h2
3IP+(2) +
̂̂
G
h1h2
3IP−(2). (C.59)
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Choosing the rst one, one proeeds in the usual way, with the funtions Gh1h21IP , G
h1h2
soft , G
h1h2
sea−sea,
Gh1h2val−sea, G
h1h2
sea−val in eq. (6.4) being replaed by
̂̂
G
h1h2
1IP ,
̂̂
G
h1h2
soft ,
̂̂
G
h1h2
sea−sea,
̂̂
G
h1h2
val−sea,
̂̂
G
h1h2
sea−val, where
we introdue the funtions ĜJ
h1h2
via
ĜJ
h1h2
= Gh1h2J +
̂̂
G
h1h2
3IP+(0)J +
̂̂
G
h1h2
3IP−(0)J +
̂̂
G
h1h2
3IP−(1)J +
̂̂
G
h1h2
3IP−(1)J , (C.60)
with J being soft, sea-sea, val-sea or sea-val. Here
̂̂
G
h1h2
3IP−(0)soft is given by the eq. (C.55) with
Gh1(x+, x+x−s,
∣∣∣~b−~b1∣∣∣) being replaed by its soft ontribution Gh1soft(x+, x+x−s, ∣∣∣~b −~b1∣∣∣) (see eq.
(5.34)), whereas
̂̂
G
h1h2
3IP−(1)soft is given in (C.56) with bothG
h1(x+, s+,
∣∣∣~b−~b1∣∣∣) andGh2(x−, x+12z+x−s, b1)
being represented by the soft ontributions G
h1/h2
soft . The other funtions
̂̂
G
h1h2
3IP+(i)J are dened sim-
ilarly to the soft ase - onsidering orresponding sea and valene ontributions in the ut
Pomerons Gh1/h2 in eq. (C.55-C.56).
For the ontribution orresponding to the ases of all three Pomerons being ut, we split the
proesses into three separate ut Pomeron piees. Eah piee is haraterized by the funtion
G¯h1h2i± (x¯
+, x¯−, s, b1), where b1 ≃ b/2 and
G¯h1h21− (x¯
+, x¯−, s, b1) = Gh1(x¯+, x¯+x¯−s, b1), x¯+ = x+, x¯− = s0/(x+12s), (C.61)
G¯h1h22− (x¯
+, x¯−, s, b1) = Gh2(x¯−, x¯+x¯−s, b1), x¯+ = z+x+12, x¯
− = x−1 , (C.62)
G¯h1h23− (x¯
+, x¯−, s, b1) = Gh2(x¯−, x¯+x¯−s, b1), x¯+ = (1 − z+)x+12, x¯− = x− − x−1 , (C.63)
where the variables x+12, z
+, x−1 are generated aording to the integrand of eq. (C.57) (similar
for G¯h1h2i+ ). After that eah ontribution G¯
h1h2
i± (x¯
+, x¯−, s, b1) is treated separately in the usual
way, starting from the eq. (6.4), with the funtions Gh1h21IP , G
h1h2
soft , G
h1h2
sea−sea, G
h1h2
val−sea, G
h1h2
sea−val
being replaed by G¯h1h2i± (x¯
+, x¯−, s, b1) and by the orresponding partial ontributions of soft Ghsoft,
sea-sea-type Ghsea−sea, and valene-sea-type parton sattering G
h
val−sea (see eq. (5.34-5.36)), but
without valene-valene ontribution.
Appendix D
Calulation of Φ and H
D.1 Calulation of Φpp
Here, we present the detailed alulation of Φ for proton-proton ollisions. As shown earlier, Φpp
may be written as
Φpp(x
+, x−s, b) =
∞∑
r1=0
· · ·
∞∑
rN=0
1
r1!
· · · 1
rN !
∫ r1+...+rN∏
λ=1
dx+λ dx
−
λ
×
r1∏
ρ1=1
−G1ρ1 . . .
r1+...+rN∏
ρN=r1+...+rN−1+1
−GNρN
× Fremn(x+ −
∑
λ
x+λ )Fremn(x
− −
∑
λ
x−λ ), (D.1)
with
Fremn(x) = x
αremn Θ(x)Θ(1− x), (D.2)
and with Giλ being of the form
Giλ(x
+
λ , x
−
λ , s, b) = αi(x
+
λ x
−
λ )
βi , (D.3)
with αi and βi being s- and b-dependent parameters. We obtain
Φpp(x
+, x−, s, b) =
∞∑
r1=0
· · ·
∞∑
rN=0
(−α1)r1
r1!
· · · (−αN )
rN
rN !
× Ir1,...,rN (x+)Ir1,...,rN (x−) (D.4)
with
Ir1,...,rN (x) =
∫ r1+...+rN∏
λ=1
dxλ
r1∏
ρ1=1
xβ1ρ1 . . .
r1+...+rN∏
ρN=r1+...+rN−1+1
xβNρN Fremn(x−
∑
λ
xλ), (D.5)
whih amounts to
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Ir1,...,rN (x) =
∫ r1+...+rN∏
λ=1
[dxλx
ǫλ
λ ](x −
∑
λ
xλ)
αremnθ(x−
∑
λ
xλ)θ
(
1− (x−
∑
λ
xλ)
)
, (D.6)
with
ǫλ =

β1 for λ ≤ r1
β2 for r1 < λ ≤ r1 + r2
. . .
βN for r1 + . . .+ rN−1 < λ ≤ r1 + . . .+ rN
. (D.7)
We dene new variables, 
uλ =
xλ
x−x1−...−xλ−1
duλ =
dxλ
x−x1−...−xλ−1
, (D.8)
whih have the following property,
λ−1∏
α=1
(1− uα) =
λ−1∏
α=1
x− . . .− xα
x− . . .− xα−1 =
x− . . .− xλ−1
x
, (D.9)
and therefore 
xλ = xuλ
∏λ−1
α=1(1− uα)
dxλ = xduλ
∏λ−1
α=1(1 − uα)
. (D.10)
This leads to
Ir1,...,rN (x) =
∫ r1+...+rN∏
λ=1
{
duλu
ǫλ
λ x
1+ǫλ
λ−1∏
α=1
(1 − uα)1+ǫλ
}[
x
r1+...+rN∏
λ=1
(1− uλ)
]αremn
(D.11)
Dening
α = αremn +
r1+...+rN∑
λ=1
ǫ˜λ = αremn + r1β˜1 + . . .+ rN β˜N (D.12)
and
γλ = αremn+
r1+...+rN∑
ν=λ+1
ǫ˜ν =

αremn + (r1 − λ)β˜1 + r2β˜2 + . . .+ rN β˜N if λ ≤ r1
αremn + (r1 + r2 − λ)β˜2 + r3β˜3 + . . .+ rN β˜N if r1 < λ ≤ r1 + r2
. . .
αremn + (r1 + . . .+ rN − λ)β˜N if λ > r1 + . . .+ rN−1
(D.13)
with
β˜ = β + 1 , (D.14)
ǫ˜ = ǫ+ 1 , (D.15)
we nd
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Ir1,...,rN (x) = x
α
∫ r1+...+rN∏
λ=1
duλu
ǫλ
λ (1− uλ)γλ (D.16)
The u-integration an be done,∫ 1
0
duuǫ(1− u)γ = Γ(1 + ǫ)Γ(1 + γ)
Γ(2 + ǫ+ γ)
, (D.17)
and we get
Ir1,...,rN (x) = x
α
r1+...+rN∏
λ=1
Γ(1 + ǫλ)Γ(1 + γλ)
Γ(2 + ǫλ + γλ)
(D.18)
Using the relation 1 + ǫλ + γλ = γλ−1, we get
Ir1,...,rN (x) = x
αΓ(1 + β1)
r1 . . . Γ(1 + βN )
rN
r1+...+rN∏
λ=1
Γ(1 + γλ)
Γ(1 + γλ−1)
(D.19)
= xαΓ(1 + β1)
r1 . . . Γ(1 + βN )
rN Γ (1 + γr1+...+rN )
Γ(1 + γ0)
, (D.20)
or
Ir1,...,rN (x) = x
αremn+r1β˜1+...+rN β˜NΓ(β˜1)
r1 . . . Γ(β˜N )
rN
Γ(α˜remn)
Γ(α˜remn + r1β˜1 + . . .+ rN β˜N )
. (D.21)
The nal expression for Φpp is therefore
Φpp(x
+, x−, s, b) = xαremn
∞∑
r1=0
· · ·
∞∑
rN=0
{
Γ(1 + αremn)
Γ(1 + αremn + r1β˜1 + . . .+ rN β˜N )
}2
× (−α1x
β˜1Γ2(β˜1))
r1
r1!
· · · (−αNx
β˜NΓ2(β˜N ))
rN
rN !
(D.22)
with x = x+x−. This is the expression shown in eq. (3.15).
D.2 Calulation of H
The funtion H is dened as
H(z+, z−) =
∞∑
m=1
∫ m∏
µ=1
dx+µ dx
−
µ
1
m!
m∏
µ=1
G(x+µ , x
−
µ , s, b)
× δ(1 − z+ −
m∑
µ=1
x+µ )δ(1 − z− −
m∑
µ=1
x−µ ). (D.23)
Using the expression
G(x+µ , x
−
µ , s, b) =
N∑
i=1
αi(x
+
µ x
−
µ )
βi , (D.24)
204 D Calulation of Φ and H
with the αi and βi are funtions of the impat parameter b and the energy squared s,
αi =
(
αDi + α
∗
Di
)
sβDi+γDi b
2
e
− b2
δDi , (D.25)
βi = βDi + γDib
2 + β∗Di − αpart, (D.26)
with α∗Di 6= 0 and β∗Di 6= 0 only if αDi = 0, and using the same method as for the alulation of
Φpp(x
+, x−), one may write
H(z+, z−) =
∞
∞∑
r1=0
· · ·
∞∑
rN=0︸ ︷︷ ︸
r1+...+rN=0
(α1)
r1
r1!
· · · (αN )
rN
rN !
Jr1,...,rN (z
+)Jr1,...,rN (z
−) (D.27)
with
Jr1,...,rN (z) =
∫ r1+...+rN∏
λ=1
[dxλx
ǫλ
λ ]δ
(
1− z −
r1+...+rN∑
λ=1
xλ
)
(D.28)
and
ǫλ =

β1 for λ ≤ r1
β2 for r1 < λ ≤ r1 + r2
. . .
βN for r1 + . . .+ rN−1 < λ ≤ r1 + . . .+ rN
. (D.29)
One may use the δ funtion to obtain
Jr1,...,rN (z) =
∫ r1+...+rN∏
λ=2
[dxλx
ǫλ
λ ]
(
(1− z)−
r1+...+rN∑
λ=2
xλ
)ǫ1
. (D.30)
Introduing x˜α = xα+1, we dene new variables,
uλ′ =
x˜λ′
1−z−x˜1−...−x˜λ′−1
duλ′ =
dx˜λ′
1−z−x˜1−...−x˜λ′−1
, (D.31)
whih have the following property,
λ′−1∏
α=1
(1− uα) =
λ′−1∏
α=1
1− z − . . .− x˜α
1− z − . . .− x˜α−1 =
1− z − . . .− x˜λ′−1
1− z , (D.32)
and therefore 
x˜λ′ = (1− z)uλ′
∏λ′−1
α=1 (1− uα)
dx˜λ′ = (1− z)duλ′
∏λ′−1
α=1 (1− uα)
. (D.33)
This leads to
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Jr,s,t(z) =
∫ r1+...+rN−1∏
λ′=1
duλ′uǫλ′+1λ′ (1 − z)1+ǫλ′+1
λ′−1∏
α=1
(1− uα)1+ǫλ′+1

×
[
(1 − z)
r1+...+rN−1∏
λ′=1
(1 − uλ′)
]ǫ1
(D.34)
Dening
α′ = ǫ1 +
r1+...+rN−1∑
λ′=1
ǫ˜λ′+1 = r1β˜1 + . . .+ rN β˜N − 1 (D.35)
and
γλ′ = ǫ1 +
r1+...+rN−1∑
ν=λ′+1
ǫ˜ν+1 (D.36)
=

ǫ1 + (r1 − 1− λ′)β˜1 + r2β˜2 + . . .+ rN β˜N if λ′ ≤ r1 − 1
ǫ1 + (r1 + r2 − 1− λ′)β˜2 + r3β˜3 + . . .+ rN β˜N if r1 − 1 < λ′ ≤ r1 + r2 − 1
. . .
ǫ1 + (r1 + . . .+ rN − 1− λ′)β˜N if λ′ > r1 + . . .+ rN−1 − 1
,(D.37)
with
β˜ = β + 1, (D.38)
ǫ˜ = ǫ+ 1, (D.39)
we nd
Jr1,...,rN (z) = (1 − z)α
′
∫ r1+...+rN−1∏
λ′=1
duλ′u
ǫλ′+1
λ′ (1− uλ′)γλ′ (D.40)
The u-integration an be done,∫ 1
0
duuǫ(1− u)γ = Γ(1 + ǫ)Γ(1 + γ)
Γ(2 + ǫ+ γ)
(D.41)
and we get
Jr1,...,rN (z) = (1− z)α
′
r1+...+rN−1∏
λ′=1
Γ(1 + ǫλ′+1)Γ(1 + γλ′)
Γ(2 + ǫλ′+1 + γλ′)
(D.42)
Using the relation 1 + ǫλ′+1 + γλ′ = γλ′−1, we get, if r1 6= 0,
Jr1,...,rN (z) = (1− z)α
′
Γ(β˜1)
r1−1Γ(β˜2)r2 . . . Γ(β˜N )rN
r1+...+rN−1∏
λ′=1
Γ(1 + γλ′)
Γ(1 + γλ′−1)
(D.43)
= (1− z)α′Γ(β˜1)r1−1Γ(β˜2)r2 . . . Γ(β˜N )rN Γ(1 + γr1+...+rN−1)
Γ(1 + γ0)
(D.44)
= (1− z)α′Γ(β˜1)r1−1Γ(β˜2)r2 . . . Γ(β˜N )rN Γ(β˜1)
Γ(rβ˜1 + . . .+ rN β˜N )
. (D.45)
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If r1 = 0 and r2 6= 0, we get
Jr1,...,rN (z) = (1− z)α
′
Γ(β˜2)
r2−1Γ(β˜3)r3 . . . Γ(β˜N )rN
Γ(β˜2)
Γ(r2β˜2 + . . .+ rN β˜N )
, (D.46)
and so on, whih orresponds nally to
Jr1,...,rN (z) = (1− z)r1β˜1+...+rN β˜N−1
Γ(β˜1)
r1 . . . Γ(β˜N )
rN
Γ(r1β˜1 + . . .+ rN β˜N )
. (D.47)
The nal expression for H is therefore
H(z+, z−) =
∞∑
r1=0
...
∞∑
rN=0︸ ︷︷ ︸
r1+...+rN 6=0
[(1− z+)(1 − z−)]r1β˜1+...+rN β˜N−1
Γ(r1β˜1 + ...+ rN β˜N )2
× (α1Γ(β˜1)
2)r1
r1!
· · · (αNΓ(β˜N )
2)rN
rN !
(D.48)
D.3 Calulation of ΦAB
The expression for the virtual emissions in ase of nuleus-nuleus ollisions is given as
ΦAB
(
X+, X−, s, b
)
=
∞∑
l1=0
. . .
∞∑
lAB=0
∫ AB∏
k=1
{
lk∏
λ=1
dx˜+k,λdx˜
−
k,λ
}
AB∏
k=1
{
1
lk!
lk∏
λ=1
−G(x˜+k,λ, x˜−k,λ, s, b)
}
×
A∏
i=1
Fremn
x+i − ∑
π(k)=i
x˜+k,λ
 B∏
j=1
Fremn
x−j − ∑
τ(k)=j
x˜−k,λ
 , (D.49)
where X+ =
{
x+1 . . . x
+
A
}
, X− =
{
x−1 . . . x
−
B
}
and π(k) and τ(k) represent the projetile or target
nuleon linked to pair k. Using the expression
G(x˜+k,λ, x˜
−
k,λ, s, b) =
N∑
i=1
αi(x˜
+
k,λ x˜
−
k,λ)
βi︸ ︷︷ ︸
Gi,k,λ
, (D.50)
with the αi and βi are funtions of the impat parameter b and the energy squared s,
αi =
(
αDi + α
∗
Di
)
sβDi+γDi b
2
e
− b2
δDi , (D.51)
βi = βDi + γDib
2 + β∗Di − αpart, (D.52)
with α∗Di 6= 0 and β∗Di 6= 0 only if αDi = 0. The remnant funtion Fremn is given as
Fremn(x) = x
αremn Θ(x)Θ(1− x). (D.53)
We have (see alulation of Φpp)
D.3 Calulation of ΦAB 207
. . .
∞∑
lk=0
. . .
1
lk!
lk∏
λ=1
−G(s, x˜+k,λ, x˜−k,λ, b) = . . .
∞∑
lk=0
. . .
1
lk!
lk∏
λ=1
(−G1,k,λ − . . .−GN,k,λ) (D.54)
= . . .
∞∑
r1,k=0
· · ·
∞∑
rN,k=0
. . .
1
r1,k! . . . rN,k!
(D.55)
×
r1,k∏
ρ1=1
−G1,k,ρ1 . . .
r1,k+...+rN,k∏
ρN=r1,k+...+rN−1,k+1
−GN,k,ρN .
So eq. (D.49) an be written as
ΦAB
(
X+, X−, s, b
)
=
∑
r1,1...rN,1
. . .
∑
r1,AB ...rN,AB
AB∏
k=1
1
r1,k! . . . rN,k!
∫ AB∏
k=1
{r1,k+...+rN,k∏
λ=1
dx˜+k,λdx˜
−
k,λ
}
×
AB∏
k=1

r1,k∏
ρ1=1
−α1(x˜+k,ρ1 x˜−k,ρ1)β1 . . .
r1,k+...+rN,k∏
ρN=r1,k+...+rN−1,k+1
−αN (x˜+k,ρN x˜−k,ρN )βN

×
A∏
i=1
Fremn
x+i − ∑
π(k)=i
x˜+k,λ
 B∏
j=1
Fremn
x−j − ∑
τ(k)=j
x˜−k,λ
 , (D.56)
whih leads to
ΦAB
(
X+, X−, s, b
)
=
∑
r1,1...rN,1
. . .
∑
r1,AB ...rN,AB
AB∏
k=1
(−α1)r1,k
r1,k!
. . .
(−αN)rN,k
rN,k!
× I+R (X+) I−R (X−) , (D.57)
where
IσR(X) =
∫ AB∏
k=1
r1,k+...+rN,k∏
λ=1
dx˜k,λ (x˜k,λ)
ǫk,λ
Pσ∏
i=1
Fremn
xi − ∑
κσ(k)=i
x˜k,λ
 , (D.58)
with R = {rj,k} , P+ = A, P− = B, κ+(k) = π(k), and κ−(k) = τ(k). Using the property
AB∏
k=1
=
Pσ∏
i=1
∏
κσ(k)=i
, (D.59)
one an write
IσR(X) =
Pσ∏
i=1

∫ ∏
κσ(k)=i
r1,k+...+rN,k∏
λ=1
dx˜k,λ (x˜k,λ)
ǫk,λ
× Fremn
xi − ∑
κσ(k)=i
x˜k,λ
 . (D.60)
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Let us rename the x˜k,λ linked to the remnant i as x˜1, x˜2, . . . , x˜rσ
1,i
+...+rσ
N,i
, where rσp,i is per
denition the number of Pomerons of type p linked to remnant i. So we get for the term in
brakets
∫ rσ1,i+...+rσN,i∏
ν=1
dx˜ν x˜
ǫν
ν Fremn
xi − r
σ
1,i+...+r
σ
N,i∑
ν=1
x˜ν
 . (D.61)
This is exatly the orresponding I for proton-proton sattering. So we have
IσR(X) =
Pσ∏
i=1
x
αremn+r
σ
1,iβ˜1+...+r
σ
N,iβ˜N
i Γ(β˜1)
rσ1,i . . .Γ(β˜N )
rσN,i g
(
rσ1,iβ˜1 + . . .+ r
σ
N,iβ˜N
)
, (D.62)
with
g(z) =
Γ(1 + αremn)
Γ(1 + αremn + z)
, (D.63)
and
β˜ = β + 1. (D.64)
Sine we have
rσp,i =
∑
κσ(k)=i
rp,k , (D.65)
we nd nally
ΦAB
(
X+, X−, s, b
)
=∑
r1,1...rN,1
· · ·
∑
r1,AB ...rN,AB
AB∏
k=1
(−α1)r1,k
r1,k!
. . .
(−αN )rN,k
rN,k!
(D.66)
A∏
i=1
(x+i )
αremn
∏
π(k)=i
(
Γ(β˜1)(x
+
i )
β˜1
)r1,k
. . .
(
Γ(β˜N )(x
+
i )
β˜N
)rN,k
g
 ∑
π(k)=i
r1,kβ˜1 + . . .+ rN,kβ˜N

B∏
j=1
(x−j )
αremn
∏
τ(k)=j
(
Γ(β˜1)(x
−
j )
β˜1
)r1,k
. . .
(
Γ(β˜N )(x
−
j )
β˜N
)rN,k
g
 ∑
τ(k)=j
r1,kβ˜1 + . . .+ rN,kβ˜N

D.4 Exponentiation of ΦAB
We rst replae in eq. (D.66) the funtion g(z) by the exponentiated funtion ge(z),
ge
 ∑
κσ(k)=i
r1,kβ˜1 + . . .+ rN,kβ˜N
 = exp
−ǫe
 ∑
κσ(k)=i
r1,kβ˜1 + . . .+ rN,kβ˜N


=
∏
κσ(k)=i
(
e−ǫeβ˜1
)r1,k
. . .
(
e−ǫeβ˜N
)rN,k
, (D.67)
and we obtain
D.4 Exponentiation of ΦAB 209
ΦeAB
(
X+, X−, s, b
)
=
A∏
i=1
(x+i )
αremn
B∏
j=1
(x−j )
αremn
(D.68)
∑
r1,1...r1,AB
AB∏
k=1
(−α1)r1,k
r1,k!

A∏
i=1
∏
π(k)=i
(
D1 (x
+
i )
β˜1
)r1,k B∏
j=1
∏
τ(k)=j
(
D1 (x
−
j )
β˜1
)r1,k
. . .∑
rN,1...rN,AB
AB∏
k=1
(−αN)rN,k
rN,k!

A∏
i=1
∏
π(k)=i
(
DN (x
+
i )
β˜N
)rN,k B∏
j=1
∏
τ(k)=j
(
DN (x
−
j )
β˜N
)rN,k
with
Dj = Γ(β˜j)e
−ǫeβ˜j . (D.69)
And using again the property (D.59), we an write
ΦeAB
(
X+, X−, s, b
)
=
A∏
i=1
(x+i )
αremn
B∏
j=1
(x−j )
αremn
×
∑
r1,1...r1,AB
AB∏
k=1
(
−α1D21(x+π(k) x−τ(k))β˜1
)r1,k
r1,k!
× . . . (D.70)
×
∑
rN,1...rN,AB
AB∏
k=1
(
−αND2N (x+π(k) x−τ(k))β˜N
)rN,k
rN,k!
.
Now the sum an be performed and we get the nal expression for the exponentiated Φ,
ΦeAB
(
X+, X−, s, b
)
=
A∏
i=1
(x+i )
αremn
B∏
j=1
(x−j )
αremn
AB∏
k=1
e
−G˜
(
x+
pi(k)
x−
τ(k)
)
,
with
G˜(x) =
N∑
i=1
α˜ix
β˜i , (D.71)
where
α˜i = αiΓ(β˜i)
2e−2ǫeβ˜i , (D.72)
β˜i = βi + 1, (D.73)
and
αi =
(
αDi + α
∗
Di
)
sβDi+γDib
2
e
− b2
δDi , (D.74)
βi = βDi + γDib
2 + β∗Di − αpart, (D.75)
with α∗Di 6= 0 and β∗Di 6= 0 only if αDi = 0 .
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